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ABSTRACT  
This work examines the influence of quantum dots embedded in semiconductor nanowires with lattice 
parameters different from those of the surrounding nanowire material on the nanowire band gap. Using 
the found analytical formulas for the elastic fields of cylindrical, hemispherical, and conical inclusions 
simulating quantum dots and located along the nanowire symmetry axis, the maps of the elastic dilations 
are depicted and the regions of their extremes near the nanowire surface are identified. Calculations are 
performed within the framework of the isotropic linear theory of elasticity. For GaN nanowires containing 
axisymmetric quantum dots of varying shapes and compositions, the deformation potentials and 
corresponding changes in the band gap in the nanowire regions of elastic dilation extremes are calculated. 
The dependence of local change in the band gap in GaN nanowires on the lattice mismatch parameter 
between the quantum dots and NWs are presented. It is shown that the semiconductor nanowire band 
structure depends on the quantum dot shape, material, and size, and the band gap of GaN nanowires can 
locally vary by approximately 10 % of its tabulated value. The response of the band gap of a semiconductor 
nanowire to the elastic field of quantum dot embedded in this wire allows one to nanowire band gap 
engineering by varying the parameters of the quantum dot. 
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Introduction 
With the development of modern science and technology, quantum dots are playing an 
increasingly important role in electronics, optoelectronics, photonics and other 
applications [1,2]. Quantum dots (QDs) are tiny semiconductor particles, typically ranging 
in size from 2 to 10 nanometers, possessing unique optical and electronic properties due 
to quantum mechanical effects [3–5]. The optical and electronic properties of QDs are 
determined by their size and shape, which allows for precise control of light emission and 
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absorption [6,7]. Crystalline QDs embedded in the matrix of another crystalline material 
possess an elastic field [8–10] depending on QD and matrix shape, material and size. This 
results in the emergence of a deformation potential in the QDs themselves and the 
surrounding matrix. This deformation potential influences the formation of the band 
structure of the QDs and the matrix [11–14]. QDs embedded in nanowires (NW) uniquely 
combine the tunable optical properties of QDs with the unique electronic and 
optoelectronic characteristics of the nanowires, enabling precise control of the quantum-
optical behavior of the semiconductor wire heterostructure. This makes them highly 
promising for applications in quantum photonics, optoelectronics, and sensors [15–17]. 
As mentioned above, the strain induced by the presence of QDs in NW strongly affects 
the band structure of the nanowires. Detailed studies of the influence of QD strain on the 
band structure of nanowires can be found in a few papers [18–20]. 

In this paper, using our analytical calculations, we briefly analyze the elastic strain 
field of cylindrical, hemispherical, and conical QDs in nanowire. Then, in the framework 
of the kp perturbation theory approach, we study the effect of QD induced strains on the 
electronic band gap of GaN nanowires. 
 
Elastic field of the quantum dot in the wire  
The QD buried in material matrix can be modeled by an elastic dilatational inclusion (DI) 
with an eigenstrain 𝜀 

DI
𝑖𝑖
∗  due to the mismatch between the lattice constants of the QD 

and the surrounding crystal matrix: 
𝜀 

DI
𝑖𝑖
∗ = 𝜀∗𝛿(𝛺),              (1) 

where 𝛿(𝛺) = {1,  𝒓 ∈ 𝛺
0,  𝒓 ∉ 𝛺

, 𝛺 is the DI region. There is no summation of i in 𝜀 
DI

𝑖𝑖
∗ , i is a 

coordinate in any orthogonal coordinate system.  
In Eq. (1), misfit parameter 𝜀∗ is found using the following relationship (see, for 

example, [21,22]): 
𝜀∗ =

𝑎𝑄𝐷−𝑎𝑚

𝑎𝑚
,               (2) 

where 𝑎𝑄𝐷 and 𝑎𝑚 are the lattice constants of QD and surrounding matrix in the absence 
of strains. For the crystal lattice parameters, a and c of wurtzite structure InxGa1-xN, 
Vegard’s law is applied [23,24]: 
𝑎In𝑥Ga1-𝑥𝑁 = 𝑥 ⋅ 𝑎InN + (1 − 𝑥) ⋅ 𝑎GaN, 𝑐In𝑥Ga1-𝑥𝑁 = 𝑥 ⋅ 𝑐InN + (1 − 𝑥) ⋅ 𝑐GaN.  (3a,b) 

In our consideration, QDs are axially symmetric DIs of the cylinder, hemisphere and 
cone shapes (Fig. 1). To calculate the elastic fields of DIs in NW, we model DIs as a set of 
infinitesimally thin coaxial disks (DDs) of radius c with eigenstrain 𝜀 

𝐷𝐷
𝑖𝑖
∗  [25–27], 

uniformly distributed with a constant density ρ along the axis of symmetry: 
𝜀 

DD
𝑖𝑖
∗ = 𝑏𝐻 (1 −

𝑟

𝑐
) 𝛿(𝑧 − 𝑧0),            (4) 

𝜀 
DI

𝑖𝑖
∗ = ∫ 𝜀 

DD
𝑖𝑖
∗ (𝑟, 𝑧 − 𝑧0)𝜌𝑑𝑧0

𝑧2
𝑧1

= ∫ 𝑏𝐻 (1 −
𝑟

𝑐
) 𝛿(𝑧 − 𝑧0)𝜌𝑑𝑧0

𝑧2
𝑧1

= 𝜀∗𝛿(𝛺),      (5) 

where b is a coefficient with the dimension of length, 𝐻(𝜁) = {1, 𝜁 > 0
0, 𝜁 < 0

 is the Heaviside 

step function, 𝛿(𝑧) is the Dirac delta-function, c is the radius of the disk, 𝑧0 is the 
coordinate of disk, and [𝑧1, 𝑧2] is an extent of DI along the 𝑧-axis. 

In this approach, the elastic fields of DIs are obtained by integrating the 
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corresponding components of the elastic fields of infinitesimal thin DDs in NW, found by 
us earlier [28,29]. 
 

 
(a) 

 
(b) 

 
(c) 

 

Fig. 1. Quantum dots modeled by the dilatational inclusions in the shape of a cylinder - CyI (a),  
a hemisphere - SI (b), and a cone - CI (c), embedded in a circular nanowire - NW. The cartesian (𝑥, 𝑦, 𝑧), 

cylindrical (𝑟,𝜑, 𝑧), and spherical (𝑅, 𝜃, 𝜑) coordinate systems are shown. Dilatational disks – DDs, which 
are used to "assemble" the inclusions, are also depicted 

 
The elastic fields (displacements 𝑢 

DI
𝑖, strains 𝜀 

DI
𝑖𝑗, and stresses 𝜎 

DI
𝑖𝑗) of DI in NW 

include two parts: the first part corresponds to DI in infinite elastic space, the second part 
corresponds to the contribution of the free surface of NW, see [28,29] and [30], in which 
DD and DI have the same radius as NW. 

For example, total displacements 𝑢 DI 𝑖 of DI are calculated by the following equation: 
𝑢 

DI
𝑖 = ∫ 𝑢 

DD
𝑖(𝑟, 𝑧 − 𝑧0)𝜌𝑑𝑧0

𝑧2
𝑧1

= 𝑢 
∞DI

𝑖 + 𝑢 
imDI

𝑖.          (6) 
where 𝑢 

∞DI
𝑖 and 𝑢 

imDI
𝑖 are displacements of DI in an infinite elastic media and image part 

due to effect of free lateral surface of NW, respectively [28,29]. Note that all the fields 
found have an analytical representation in the form of integrals or series. 

Based on Eq. (6), we can find elastic strains for axially symmetric DI by the following 
expressions in the cylindrical (𝑟, 𝜑, 𝑧) and spherical (𝑅, 𝜃, 𝜑) coordinate systems: 

𝜀 
DI

𝑟𝑟 =
𝜕 𝑢 
DI

𝑟

𝜕𝑟
− 𝜀∗𝛿(𝛺), 𝜀 

DI
𝜑𝜑 =

𝑢 
DI

𝑟

𝑟
− 𝜀∗𝛿(𝛺),      (7a,b) 

𝜀 
DI

𝑧𝑧 =
𝜕 𝑢 
DI

𝑧

𝜕𝑧
− 𝜀∗𝛿(𝛺), 𝜀 

DI
𝑟𝑧 =

1

2
(
𝜕 𝑢 
DI

𝑟

𝜕𝑧
+
𝜕 𝑢 
DI

𝑧

𝜕𝑟
),      (7c,d) 

𝜀 
DI

𝑅𝑅 =
𝜕 𝑢 
DI

𝑅

𝜕𝑅
− 𝜀∗𝛿(𝛺), 𝜀 

DI
𝜃𝜃 =

1

𝑅

𝜕 𝑢 
DI

𝜃

𝜕𝜃
+

𝑢 
DI

𝑅

𝑅
− 𝜀∗𝛿(𝛺),     (8a,b) 

𝜀 
DI

𝜑𝜑 =
𝑢 

DI
𝜃

𝑅
𝑐𝑜𝑡 𝜃 +

𝑢 
DI

𝑅

𝑅
− 𝜀∗𝛿(𝛺), 𝜀 

DI
𝑅𝜃 =

1

2
(
1

𝑅

𝜕 𝑢 
DI

𝑅

𝜕𝜃
+
𝜕 𝑢 
DI

𝜃

𝜕𝑅
−

𝑢 
DI

𝜃

𝑅
).   (8c,d) 

The elastic hydrostatic strain of DI in NW is determined by following equation: 
𝛥 

DI = 𝜀 
DI

𝑟𝑟 + 𝜀 
DI

𝜑𝜑 + 𝜀 
DI

𝑧𝑧 = 𝜀 
DI

𝑅𝑅 + 𝜀 
DI

𝜃𝜃 + 𝜀 
DI

𝜑𝜑.         (9) 
From Eq. (9), we can depict the maps of the distribution of the elastic hydrostatic 

strains for considered QDs in NW as it is shown in Fig. 2. 
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(a) 

 
(b) 

 
(c) 

 

Fig. 2. The maps of elastic hydrostatic strains due to In0.2Ga0.8N quantum dots (QDs) in GaN nanowire (NW): 
(a) cylindrical QD, (b) hemispherical QD, and (c) conical QD. The parameters for calculations: the volume  
of the base of QD 𝑉 = 144𝜋 nm3; NW radius and the radius of QD base are 10 and 6 nm, respectively;  
the Poisson ratio of GaN 𝑣 = 0.234 [22]; the misfit parameter of In0.2Ga0.8N in GaN matrix is 𝜀∗ = 0.021 

 
Effect of the strain on the NW band gap  
The influence of strain of QD on the band structure is evaluated using the kp perturbation 
approach proposed by Bir and Pikus [11]. In unstrained wurtzite GaN, there are three 
closely spaced top valence bands (VB) at the center of the Brillouin zone, commonly 
referred to as heavy-hole (HH), light-hole (LH), and crystal-field split-off hole (CH) [14,31]. 
These VB states have atomic p-orbital character, in contrast to the bottom conduction 
band (CB), which has atomic s-orbital character. The presence of QDs in the material 
matrix creates a strain field, thereby changing the band structure of the material through 
the deformation potential. Since the large band gap of GaN reduces the interaction of CB 
and VB states, the Hamiltonian for the strain dependence of VB can be separately given 
by the 6 × 6 matrix [11]: 

𝐻𝑣(𝑘, 𝜀) =

(

 
 
 

𝐹 0 −𝐻∗ 0 𝐾∗ 0
0 𝐺 𝛥 −𝐻∗ 0 𝐾∗

−𝐻 𝛥 𝜆 0 𝐼∗ 0
0 −𝐻 0 𝜆 𝛥 𝐼∗

𝐾 0 𝐼 𝛥 𝐺 0
0 𝐾 0 𝐼 0 𝐹 )

 
 
 

.        (10) 

Here 𝛥 = √2𝛥3,  𝐹 = 𝛥1 + 𝛥2 + 𝜆 + 𝜃;  𝐺 = 𝛥1 − 𝛥2 + 𝜆 + 𝜃,  𝐾 = 𝐴5𝑘+
2 +𝐷5𝜀+,  

𝐻 = 𝑖(𝐴6𝑘𝑧𝑘+ + 𝐴7𝑘+ + 𝐷6𝜀𝑧+),  𝐼 = 𝑖(𝐴6𝑘𝑧𝑘+ − 𝐴7𝑘+ + 𝐷6𝜀𝑧+), 𝜆 = 𝐴1𝑘𝑧
2 + 𝐴2𝑘⊥

2 +

+𝐷1𝜀𝑧𝑧 + 𝐷2(𝜀𝑥𝑥 + 𝜀𝑦𝑦),  𝜃 = 𝐴3𝑘𝑧
2 + 𝐴4𝑘⊥

2 + 𝐷3𝜀𝑧𝑧 + 𝐷4(𝜀𝑥𝑥 + 𝜀𝑦𝑦), 𝑘± = 𝑘𝑥 ± 𝑖𝑘𝑦 ,  
𝑘⊥
2 = 𝑘𝑥

2 + 𝑘𝑦
2 , 𝑘± = 𝑘𝑥 ± 𝑖𝑘𝑦 , 𝜀𝑧± = 𝜀𝑥𝑧 ± 𝑖𝜀𝑦𝑧, 𝜀± = 𝜀𝑥𝑥 − 𝜀𝑦𝑦 ± 2𝑖𝜀𝑥𝑦 , 𝜀⊥ = 𝜀𝑥𝑥 + 𝜀𝑦𝑦, 

where parameters Dj (j = 1–6) denote the deformation potentials VB, and Aj (j = 1 to 7) are 
equivalent to the Luttinger parameters [31], parameter 𝛥1 is the crystal-field parameter, 
while 𝛥2 and 𝛥3 are the spin-orbit energy parameters. The diagonalization of the 
matrix (10) yields the three distinct VB maxima Ev, j.  
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The edge of conduction band 𝐸𝑐  (due to strain) can be expressed as [14,32]: 

𝐸𝑐 =
ℏ2𝑘𝑧

2

2𝑚𝑒||
+
ℏ2(𝑘𝑥

2+𝑘𝑦
2)

2𝑚𝑒⊥
+ 𝛼∥𝜀𝑧𝑧 + 𝛼⊥(𝜀𝑥𝑥 + 𝜀𝑦𝑦),        (11) 

where 𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧are components of wave vector on direction of the x, y, z axes 
respectively; respect 𝛼⊥, 𝛼∥ and 𝑚𝑒∥,𝑚𝑒⊥ denote the CB deformation potentials and 
electron effective mass, respectively. Here we only consider the ground energy state 
(k = 0), so Eqs. (10) and (11) are much simplified. The band structure parameters for 
wurtzite GaN are presented in Table 1. 
 
Table 1. Band structure parameters for wurtzite GaN [33] 

Parameters Values, eV Parameters Values, eV 
Eg 3.479 D1 - 41.4 
Dcr 0.010 D2 - 33.3 
DSO 0.015 D3 8.2 

𝛥1 = 𝛥cr 0.022 D4 - 4.1 
𝛥2 = 𝛥3 = 𝛥SO/3 0.005 D5 - 4.7 

𝛼|| - 44.5 D6 - 7.5 
𝛼⊥ - 44.5   

 
The strains influence both valence and conduction bands via Eqs. (10) and (11), 

therefore the band gap of material changes due to the strains. The strong change of band 
gap is near the lateral surface of NW. The distribution of the change of band gap 𝛥𝐸𝑔

𝑑𝑒𝑓 
along lateral surface of NW is shown in Fig. 3. 
 

  
(a) (b) 

 
(c) 

 

Fig. 3. The distribution of the change of the band gap 𝛥𝐸𝑔defof GaN nanowire (NW) due to the presence  
of the In0.2Ga0.8N quantum dot (QD), along free surface of NW. (a) cylindrical QD, (b) hemispherical QD, and 

(c) conical QD. The parameters for calculations: the volume of the base of QD 𝑉 = 144𝜋 nm3;  
NW radius and the radius of QD base are 10 nm and 6 nm, respectively; the Poisson ratio of GaN 
𝑣 = 0.234 [22]; the misfit parameter of In0.2Ga0.8N quantum dot in GaN matrix is 𝜀∗ = 0.021 
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The changes of band gaps GaN nanowire depend on the QD misfit parameter 𝜀∗ and 
shape as shown in Fig. 4. In addition, the band gap depends on the ratio of the sizes of 
the quantum dot and nanowire. 

 

 
 

Fig. 4. The dependence of maximum band gap change under lateral surface of the GaN nanowire (NW) 
containing quantum dot (QD) on misfit parameter 𝜀∗. The parameters for calculations: the volume of QD 
𝑉 = 144𝜋 nm3; the radius of the QD base and NW radius are 6 and 10 nm, respectively; the Poisson ratio 

𝜈 = 0.234 [22]. The arrows indicate QDs corresponding to the selected misfit parameters 
 

Discussions and Conclusions 
In this study, using the found analytical formulas for the elastic fields of cylindrical, 
hemispherical, and conical inclusions simulating QDs and located along the 
semiconductor NW symmetry axis, the maps of the elastic dilations are depicted and the 
regions of their extremes near the NW free surface are identified. Calculations are 
performed within the framework of the isotropic linear theory of elasticity. For GaN 
nanowires containing axisymmetric QDs of varying shapes and compositions, the changes 
of the band gap in the NW regions of elastic dilation extremes are calculated. The analysis 
demonstrates that the contribution of the free surface to the elastic fields, as well as the 
band structure, depend on the QD shape, material and size. The band gap near the free 
surface of the semiconductor nanowire changes most strongly for a cylindrical QD (Fig. 4). 
The change of semiconductor NW band gap depends linearly on the positive misfit 
parameter (𝜀∗ > 0) between QD and NW, for the case of 𝜀∗ < 0, the dependence is 
nonlinear (Fig. 4). It is shown that the band gap of GaN nanowires can locally vary by 
approximately 10% of the tabulated value. 

The response of the band gap of a semiconductor nanowire to the elastic field of a 
quantum dot embedded in this wire allows one to band gap engineering of the nanowire 
by varying the shape, material, and size of the quantum dot. 
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