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ABSTRACT  
Parametric finite element simulations are conducted to investigate the steady-state growth of a crack in 
ceramic material under various temperature conditions. The temperature dependences of elastic moduli 
and specific surface energy are incorporated to compute the critical fracture parameters such as the crack 
length, the failure stress and the energy release rate. The finite element modelling is first verified against 
Griffith’s theory and then implemented to practical case of cracks growing from a pore. It is demonstrated 
that crack growth can be energetically favorable at elevated temperatures, whereas it can be inhibited at 
low temperatures. 
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Introduction 
The exceptional mechanical properties of ceramic materials, such as high strength, 
hardness, and wear resistance at elevated temperatures, make them perfect candidates 
for applications in extreme environments, including aerospace, energy, and 
manufacturing industries [1–3]. However, the widespread use of structural ceramics is 
often limited by their inherent brittleness and sensitivity to fracture associated with the 
presence of intrinsic microstructural defects introduced during manufacturing [4,5]. 
Among these defects, pores being one of the most common stress concentrators are 
effective sites for crack nucleation [6,7]. 

The fracture behavior of ceramics is strongly dependent on the operating 
temperature [8,9]. At lower temperatures, the material exhibits classic brittle fracture, where 
crack propagation is the dominant relaxation mechanism. In contrast, at elevated 
temperatures, the activation of dislocation and grain boundary (GB) sliding can induce a 
brittle-to-ductile transition (BDT), often accompanied by crack-tip blunting, which 
significantly enhances fracture toughness [10]. This transition is critical for determining the 
service limits and reliability of ceramic components. The problem of BDT has been 
extensively studied in the literature, with numerous works focused on the critical conditions 
of GB dislocation emission [11–14], the toughening effect of crack blunting [15–17],  
GB sliding [18–20] and GB segregations [21–23]. Nevertheless, a comprehensive analysis 
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linking the temperature-induced evolution of material parameters to the critical conditions 
for crack growth from specific defects, such as pores, remains an essential issue. 

In our previous research, we have systematically investigated stress concentration 
and fracture initiation in ceramic composites. We analyzed local stress distributions near 
pores and inclusions using both analytical perturbation techniques and finite element (FE) 
simulations [24,25]. Furthermore, we employed FE modeling to reveal the energetical 
favorability of various crack configurations near lamellar inhomogeneities [26] and to study 
the competition between brittle and ductile fracture behavior at elevated temperatures [27]. 

In the present work, the effect of operating temperature on the crack tolerance of 
α-Al₂O₃ ceramics is investigated to assess the energy favorability of the following 
different fracture scenarios: (i) the homogenous scenario of crack growth without any 
extra source of stress disturbance, and (ii) the heterogeneous scenario of crack growth 
accelerated by stress concentration around a circular pore. The first scenario can be 
attributed to fracture initiated inside the grains (transgranular fracture), while the second 
scenario is addressed to intergranular fracture initiated by pre-existing defects at GBs. 
Some empirical temperature dependences of α-Al₂O₃ ceramics properties are involved in 
FE analysis in assumption of the steady-state crack growth. The elastic response of an  
FE model containing flaws is obtained through parametric FE simulations that account 
for variations in flaw lengths, applied stress and operating temperature. The resulting 
strain energy data are utilized to evaluate some fracture parameters including the critical 
crack length, the critical failure stress and the energy release rate. The validity of FE data 
is proved by comparison with the results of Grifith’s theory for the homogeneous scenario. 
The obtained results allow to assess the deterioration in fracture tolerance in ceramics 
due to temperature rise and presence of pores as well.  

 
Model 
We consider a ceramic material subjected to a remote tensile load S under the plane 
strain condition. The material response is supposed to be linearly elastic and isotropic 
defined by the Young modulus E and the Poisson ratio with respect to the operating 
temperature T. Figure 1 illustrates two possible scenarios of crack generation in 
polycrystal material: (i) homogenous crack nucleation (HmCN) inside a grain with no 
stress concentration effect; (ii) heterogeneous crack nucleation (HtCN) initiated by the 
stress concentration induced by such a manufacturing defect as a circular pore of radius 
R0 located at a GB. 

The favorability of these scenarios can be analyzed within the framework of linear 
elastic fracture mechanics (LEFM) considering the following parameters: the critical crack 
length Lcr, the critical stress for crack growth Scr and the energy release rate G due to the 
crack advance. According to Griffith’s theory [10], the total energy change due to crack 
formation is given by the sum: 
 𝛥𝑊 = 𝛥𝑊𝑠𝑡  +  𝛥𝑊𝑠𝑓 ,               (1) 
where 𝛥𝑊𝑠𝑡 is the change in the strain energy of the body and 𝛥𝑊𝑠𝑓 is the energy to 
create new free surfaces.  
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Fig. 1. Typical fracture scenarios in a polycrystalline ceramics: a transgranular crack under the homogenous stress 
condition (HmCN) and an intergranular crack under the heterogeneous stress condition induced by a GB pore (HtCN) 

 
In the case of HmCN, the strain energy change due to a crack of length L (per unit 

length of the crack in the direction normal to Fig. 1 plane) is: 

𝛥𝑊𝑠𝑡 = −
𝜋

4

1−𝜈2

𝐸
𝐿2𝑆2.             (2) 

The surface energy term reads: 
𝛥𝑊𝑠𝑡 = 2𝐿𝛾,               (3) 
where 𝛾 is the specific surface energy of the ceramics. 

It is supposed that a crack becomes unstable under a constant applied stress S if 
the crack length exceeds some critical value Lcr defined by the following equilibrium 
criteria: 
𝑑

𝑑𝐿
𝛥𝑊|𝑆=𝑐𝑜𝑛𝑠𝑡 = 0, 𝑑2

𝑑𝐿2 𝛥𝑊|𝑆=𝑐𝑜𝑛𝑠𝑡 ≤ 0.       (4a,b) 
For instance, the critical crack length Lcr determined from Eqs. (4) in the case of 

HmCN is well-known and given by: 
𝐿𝑐𝑟 =

4

𝜋

𝐸𝛾

(1−𝜈2)𝑆2.              (5) 

Unlike the equilibrium criteria given by Eqs. (4), the negative energy change (𝛥𝑊 < 0) 
accompanied by crack advance is considered as an alternative fracture criterion to obtain 
the critical parameters. For instance, the threshold stress Scr can be determined from the 
critical condition:  
𝛥𝑊 |𝐿=𝑐𝑜𝑛𝑠𝑡 = 0.               (6) 

Substituting Eqs. (1–3) in Eq. (6), one obtains the following expression for the 
critical stress in the case of HmCN: 

𝑆𝑐𝑟 = √
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It is worth noting that the value of the critical stress determined by Eq. (7) is 
overestimated in comparison with the one prescribed by Griffith’s theory [10]. In the 
present work, the critical condition given by Eq. (6) is employed because it qualitatively 
reflects the physical aspects of fracture process. Besides, it is more adaptable to evaluate 
the critical values of stress from FE numerical data. 

Another key parameter of fracture mechanics is the energy release rate G defined 
as the energy available for a crack advance. In the case of displacement-controlled 
loading (where the work done by an external force is zero), the energy release rate can 
be figured out from the expression:     
𝐺 = −

𝑑𝑊𝑠𝑡

𝑑𝐿
,               (8) 

whence for the HmCN scenario one can obtain G with respect to Eq. (2):  

𝐺 =
1−𝜈2

𝐸
𝐾1

2,               (9) 

where 𝐾1 is the stress intensity factor of the crack-tip, so that 𝐾1 = 𝑆√𝜋𝐿/2. In contrast 
to the temperature independent parameter 𝐾1, the energy release rate G can be strongly 
affected by the temperature conditions as the elastic moduli depend on the operating 
temperature. 

Along with the analytical approach, FE simulations can be employed to evaluate the 
critical fracture parameters. FE method is particularly useful for studying objects with 
complex geometry, as is the case with HtCN where the strict analytical solution is not 
feasible [28]. Furthermore, standard post-processing modules in commercial FE software 
readily provide the values of the strain energy for the entire model. In addition, pre-processing 
operations directly allow to input the temperature dependences for elastic moduli. 

To investigate the energy favorability of the HmCN and HtCN fracture scenarios with 
respect to temperature conditions, the parametric FE simulations were conducted. For 
this purpose, FE models comprising four-node plane strain elements were created using 
 

 
 

Fig. 2. The kinematic boundary conditions implemented in FE analysis of (a) homogenous crack 
nucleation (HmCN), and (b) heterogeneous crack nucleation (HtCN) initiated by the circular pore  
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ANSYS Academic Research software. Each node had two degrees of freedom 
corresponding to node-displacements UX and UY. Figure 2 depicts the boundary conditions 
applied to the model with respect to the geometry and loading symmetry. The loading was 
assumed to be displacement-controlled by the prescribing displacement 𝛿. The associated 
value of the remote stress 𝑆 was subsequently calculated from the model’s force reaction. 
The crack was treated as a flat cut with free surfaces. The model size was supposed to be 
an order of magnitude larger than those of both the pore and crack to eliminate boundary 
effects on the crack-tip stress field. For instance, the considered FE model has a size of 
 1 μm, the average size of element in the vicinity of crack and pore is  1 nm. 

Since the elastic properties of corundum ceramic (α-Al₂O₃) are well-established in 
the literature for a wide temperature range, they were adopted to define the material 
behavior in the models. The following empirical approximation from [29] valid up to 
1400 °C was employed in the simulations:  
E [GPa] = 417 – 0.0525 T [°C].          (10) 

The Poisson ratio was taken as ν = 0.23, as its dependence on temperature  
is negligible. It is worth mentioning that the FE model considers neither anisotropy of 
mechanical properties nor plastic response of materials. These limitations should be an 
issue of further investigations. 

For the subsequent calculations, the temperature dependence of the specific 
surface energy had to be taken into account. Based on experimental data for α-Al₂O₃ 
ceramics [30], the following linear approximation was used: 
𝛾 = 𝛾0 − 𝛽𝑇,             (11) 
where the temperature 𝑇 is given in K, 𝛽  0.83 mJ/(m2 K) and 𝛾0  2138 mJ/m2. 

 
Results  
The parametric FE simulations considering the variations in the crack length L, the rigid 
displacement   and the operating temperature T were employed to compute the change 
in the strain energy, 𝛥𝑊𝑠𝑡  = 𝛥𝑊𝑠𝑡|𝐿>0 − 𝛥𝑊𝑠𝑡|𝐿=0, due to both the HmCN and HtCN 
scenarios in the α-Al₂O₃ ceramic. The corresponding total energy change of the systems 
was evaluated using Eq. (1), where the strain energy term was obtained via FE modeling, 
while the surface energy term was determined by Eq. (3). 

Figure 3 illustrates the obtained profiles of the total energy change W(L) under the 
remote stress S = 2.8 GPa given for the HmCN and HtCN scenarios undergoing the 
temperature conditions T = 300 °C (Fig. 3(a)) and 1000 °C (Fig. 3(b)). One can note that 
the higher the temperature the lower the energy-consumption for crack growth in both 
scenarios. Besides, the energy values are significantly affected by the occurrence of pore. 
For instance, in the case of HmCN under 300 and 1000 °C the energy barriers  1.2  and 
 0.5 keV/nm should be surmounted, respectively. As for the case of HtCN, the energy 
barriers are significantly lower:  0.3 keV/nm at 300 °C and  0.1 keV/nm at 1000 °C.  
It is worth mentioning that the curves in Fig. 3 obtained analytically within Griffith’s 
theory practically coincide with those computed for HmCN via FE simulations. 

The maxima on the energy curves in Fig. 3 correspond to the cracks with the critical 
size above which the crack growth is facilitated by energy relief. The critical crack length 
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Fig. 3. Dependences of the total energy change 𝛥𝑊  on the crack length 𝐿 given for the remote stress 
S = 2.8 GPa and the two operating temperatures, 𝑇 = 300 °C (a) and 1000 °C (b). The curves were obtained 

analytically by Eqs. (1–3) (Griffith’s theory) and numerically for the scenarios of homogeneous crack nucleation 
(HmCN FE) and heterogeneous crack nucleation initiated by the pore of radius R0 = 100 nm (HtCN FE) 

 
obtained by FE modeling is in good agreement with theoretical results. For example,  
the critical crack length indicated from the HmCN FE data in Fig. 3(a) is approximately 
121 nm, that is about 4 % greater than the value  116 nm prescribed by Griffith’s theory.  

The effect of temperature on the critical crack length is depicted in Fig. 4 for 
different values of the remote stress S = 2.8 and 3.6 GPa. The data reveal that Lcr almost 
linearly decreases with temperature rise in both the HmCN and HtCN scenarios. This 
graph can be employed to define the threshold temperature as well. In the case of HmCN 
under remote stress S = 2.8 GPa, the critical crack length 90 nm corresponds to  
 

 
 

Fig. 4. Dependences of the crack critical length Lcr on the operating temperature T under the remote stress 
S = 2.8 GPa (solid curves and solid circles) and 3.6 GPa (dashed curves and hollow circles). The data were obtained 
analytically by Eq. (5) (Griffith’s theory) and numerically for the scenarios of homogeneous crack nucleation 

(HmCN FE) and heterogeneous crack nucleation initiated by the pore of radius R0 = 100 nm (HtCN FE)  
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the threshold temperature 𝑇∗ approximately 650 °C. It means that the cracks with 
L = 90 nm are expected to be energetically stable if the operating temperature is lower 
than the threshold one (𝑇 ≤  𝑇∗) whilst to easily propagate at a higher temperature 
(𝑇 >  𝑇∗). In addition, it is apparent from the data for the HtCN scenario (crack growth 
from a circular pore of R0 = 100 nm) acting under the same remote stress S = 2.8 GPa, that 
the cracks with L > 14 nm should exhibit the unstable growth under the temperature 
greater than  650 °C. 

It is worth noting that according to estimation in [25], the cleavage stress for crack 
advance (theoretical strength) reaches approximately 35 GPa at 1000 °C which 
significantly exceeds the considered values of remote stress S = 2.8 and 3.6 GPa. 
However, in practical cases the dislocation sliding is expected to occur under lower stress 
values 1 GPa. This issue is beyond the scope of this study. 

Turning now to a critical condition for the remote stress S, the energy change 
profiles 𝑊(𝑆) given at operating temperatures T = 300 and 1000 °C in the frame of the 
HmCN and HtCN scenarios are illustrated in Fig. 5(a). In accordance with the criteria 
introduced in the previous section, the critical stress for crack growth is prescribed by the 
equation 𝑊(𝑆𝑐𝑟) = 0. As is seen from Fig. 5(a) at a fixed temperature in the unloaded 
state (when the remote stress vanishes, S = 0), the energy change is determined by the 
surface energy term (see Eqs. (1–3)) predicting the identical energy values for cracks of 
the same length regardless of the crack initiation scenarios (HmCN and HtCN). As the 
remote stress S rises, the energy change W drops more rapidly for HtCN than for HmCN. 
For example, for L = 100 nm and T = 300 C the critical stress 𝑆𝑐𝑟 is 1.8 GPa in the case 
of HtCN, that is almost two times lower than the value  4.2 GPa for HmCN. Besides, the 
higher the temperature Т the lower the critical stress 𝑆𝑐𝑟.  

 

 
 

Fig. 5. (a) Dependences of the total energy change 𝑊 on the remote stress S given for a crack with  
L = 100 nm under the two operating temperatures, T = 300 °C (solid curves and solid circles) and 1000 °C 

(dashed curves and hollow circles). (b) Dependences of the critical remote stress 𝑆𝑐𝑟 on the operating 
temperature T given for cracks with L = 10 nm (solid curves and solid circles) and 100 nm (dashed curves 

and hollow circles). The data in (a) and (b) were obtained analytically by Eqs. (1–3,7) (Griffith’s theory) 
and numerically for the scenarios of homogeneous crack nucleation (HmCN FE) and heterogeneous crack 

nucleation initiated by the pore of radius 𝑅0 = 100 nm (HtCN FE)  
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The insignificant discrepancy between analytical and FE results emerges as  
the stress S increases (see Fig. 5(a)). Apparently, this discrepancy is caused by numerical 
inaccuracies accumulating due to the iterative adjustment of the displacement 𝛿 in order 
to maintain a constant value of the remote stress S. 

Figure 5(b) demonstrates the temperature dependence of the critical stress 𝑆𝑐𝑟 
provided for the crack lengths of 10 and 100 nm. What stands out from Fig. 5(b) is an 
approximately linear decrease of the critical stress 𝑆𝑐𝑟 with increasing T in a similar 
manner with the curves 𝐿𝑐𝑟(𝑇) (see Fig. 4). In the case of HmCN, the temperature 
conditions remarkably affect the critical stress for relatively small cracks (L  10 nm), e.g. 
𝑆𝑐𝑟  14 GPa for T = 100 °C vs. 𝑆𝑐𝑟  10 GPa for T = 1000 °C. In contrast, in the case of 
HtCN scenario with similar small cracks (L = 10 nm) induced by a circular pore with 
𝑅0 = 100 nm, the drop is significantly less exhibited, e.g. 𝑆𝑐𝑟  3.5 GPa for T = 100 °C 
vs. 𝑆𝑐𝑟  2.5 GPa for T = 1000 °C. Therefore, not only does the presence of the pore lower 
the values of the critical stress 𝑆𝑐𝑟 but also essentially reduces its sensitivity to 
temperature fluctuations compared to HmCN scenario. 

Further analysis of the fracture in α-Al₂O₃ ceramics concerns with computing the 
crack energy release rate G via FE modeling. The strain energy data obtained by  
FE parametric simulations can be employed to approximate the energy release rate G 
regarding Eq. (8) as follows: 
𝐺 = −

𝑊𝑠𝑡|𝐿+𝛿𝐿−𝑊𝑠𝑡|𝐿

𝛿𝐿
,            (12) 

where 𝛿L is the crack extension. The smaller 𝛿L utilized in numerical computations the 
more accurate the estimation of 𝐺 by Eq. (12). 

According to LEFM, the stability of a crack is defined by the value of its energy 
release rate 𝐺. If 𝐺 is less than a critical value 𝐺𝑐𝑟 then the energy release rate is not 
sufficient enough to promote cracking. On the contrary, a crack tends to catastrophic grow 
if the inequality 𝐺 >  𝐺𝑐𝑟 is valid. The critical value of G directly yields from the energy 
criteria (Eqs. (1–4)) as 𝐺𝑐𝑟 = 2𝛾.  

Figure 6 shows the temperature dependence of the energy release rate G for various 
cracks subjected to the remote stress S = 2.8 GPa. The diagrams reveal two 
complementary effects of the temperature increase on the fracture tolerance: an increase 
in the energy release rate 𝐺 accelerating the growth of cracks is accompanied by a 
decrease in the fracture resistance Gcr of α-Al₂O₃ ceramics. 

As it is shown in Fig. 6(a) for the HmCN scenario in the temperature range 
0 < T < 1400 °C, the relatively long cracks (here with L  200 nm) have a tendency  
to propagate since their energy release rate G is greater than the critical one, while G  
for relatively small cracks (here with L  10 nm) is not sufficient enough to encourage 
their propagation. Of interest here are cracks of a middle length (here with L  100 nm):  
as is seen, the crack growth is suppressed for T < 500 °C, whilst expected to be provided 
under an elevated temperature T > 500 °C.  

Analogous temperature dependences of the energy release rate G are demonstrated 
in Fig. 6(b) for the HtCN scenario considering the generation of a crack with length of 
10 nm near pores with different sizes (𝑅0 = 0, 10 and 100 nm). As is seen from Fig. 6(b), 
the presence of a pore significantly affects the value of the energy release rate for crack 
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Fig. 6. Dependences of the energy release rate G on the operating temperature T under the remote stress 
S = 2.8 GPa in the case of (a) HmCN scenario considering the cracks of various lengths L = 10, 100 and 200 nm; 
here the analytical dependences given by Eq. (9) and the FE data are depicted with solid curves and circles, 
respectively, and (b) HtCN scenario considering a crack with L = 10 nm initiated by circular pores of different 
radii 𝑅0 = 0, 10 and 100 nm. The temperature dependent critical value 𝐺𝑐𝑟 = 2𝛾 is given by dashed lines 

 
advance. This effect rises with an increase in the pore radius. For instance, at the 
operating temperature T = 1000 C, the energy release rate 𝐺 reaches the values  2 and 
 5 J/m2 for a crack initiated by a pore of the same radius as the crack length (𝐿/𝑅0 = 1.0) 
and a pore of radius much larger than the crack length (𝐿/𝑅0 = 0.1), respectively. These 
values are an order of magnitude higher than that for the HmCN scenario ( 0.3 J/m2 for 
𝑅0 → 0). One can suggest that in the limiting case of a relatively small crack (𝑅0 ≫ 𝐿),  
the energy release rate G tends to the value prescribed for the crack initiated at a flat 
surface of a semi-infinite body. 

Thus, the results of FE simulations presented above clearly evidence that thermal 
loading and pre-existing inhomogeneities, particularly pores, are critical factors for 
controlling the fracture tolerance of ceramic materials. 

 
Conclusions 
In summary, the FE analysis was provided to investigate the reduction in fracture 
tolerance under elevated temperatures in ceramics in the frameworks of LEFM. In doing 
so, the linear temperature approximations of the Young module E and the specific surface 
energy 𝛾 was employed to compute the elastic response of FE models containing flaws 
and pores under remote tensile stress. The following FE models were considered: those 
containing a single flat flaw were utilized to describe the homogeneous nucleation of 
cracks (HmCN), and those considering flat flaw near a circular pore were implemented to 
study the heterogeneous scenario of crack nucleation accelerated by the stress 
concentration of inhomogeneities (HtCN). The HmCN scenario was also employed to 
verify the validity of the FE models against Griffith’s theory. The data obtained within 
parametric FE simulations were used to anticipate the effect of increasing temperature 
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on the parameters of fracture including the critical crack length 𝐿𝑐𝑟, the failure stress 𝑆𝑐𝑟, 
the total energy change 𝑊, and the rate of strain energy release G due to crack 
extension.  

The results performed for the α-Al₂O₃ ceramics clearly demonstrate the 
deterioration in the fracture toughness (𝐿𝑐𝑟, 𝑆𝑐𝑟and 𝐺𝑐𝑟) at elevated temperatures as well 
as the reduction in the total energy change W due to flaw generation. An opposite effect 
is indicated for the crack driving force, the decrease in material stiffness (the Young 
modulus) stimulates the rise of G as operating temperature 𝑇 increases. The most obvious 
finding to emerge from obtained data is that the linear approximations can be employed 
to estimate quite accurately the aforementioned parameters with temperature change. 
The temperature slope of these approximations significantly depends on the crack and 
pore sizes, and the applied stress. The increase of these parameters drives the decrease 
of the temperature slope of fracture toughness criteria (𝐿𝑐𝑟, 𝑆𝑐𝑟), while the temperature 
slope of energy release rate 𝐺 increases. 
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