
 
Submitted: September 11, 2025 Revised: October 29, 2025 Accepted: December 4, 2025 

© M.I. Lobachev, 2026. 
Publisher: Peter the Great St. Petersburg Polytechnic University  
This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

MATERIALS PHYSICS AND MECHANICS                                                 RESEARCH ARTICLE 

 
 

Dynamic effects of a hollow cylinder quasi-force-free magnet 
M.I. Lobachev   

Peter the Great Saint-Petersburg Polytechnic University, St. Petersburg, Russia   
 lobachev_mi@spbstu.ru 

ABSTRACT  
This study investigates mechanical stresses induced by a unipolar sinusoidal pulse in a hollow cylindrical 
conductor, which serves as a key element of the base part of a quasi-force-free configuration pulsed 
magnet. The aim of the work is to assess transient mechanical effects not accounted for by static models. 
The applied method determines the system's natural frequencies and solves the dynamic axisymmetric 
problem of elasticity theory using Laplace transforms. The results include the calculated spectrum  
of natural frequencies; it is shown that the stress response exhibits quasistatic behavior for millisecond-
duration pulses, whereas dangerous stress magnification requires microsecond pulses which are consistent 
with the single-degree-of-freedom model predictions. In conclusion, the adequacy of static models  
for designing magnets with millisecond-range pulses is confirmed, and the development of a methodology 
for analyzing complex multilayer magnets is proposed. 
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Introduction 
Strong and ultra-strong magnetic fields are vital research tools with applications 
spanning from the study of fundamental material properties [1–3] to magnetic resonance 
imaging (MRI) [4,5], magnetic pulse forming [6], plasma confinement in fusion energy 
research [7–10]. The generation of such fields presents significant engineering challenges, 
primarily related to material strength and thermal management. Consequently, for 
sustained laboratory research, non-destructive methods are paramount. Through a variety 
of non-destructive methods presented in [11] (Fig. 1) we are interested in the highest 
magnetic fields – short-pulsed facilities. While state-of-the-art pulsed magnets, often 
based on the force-balanced coil principle, have achieved fields in the 80–100 T range, 
the quest for higher fields faces significant technological barriers. The primary limitations 
are Joule heating and mechanical stresses induced by the Lorentz force. 

The force-balanced coil technique, employed in leading laboratories (Germany [12], 
China [13], France [14]), is designed to manage mechanical stress by distributing Lorentz 
forces evenly across a complex, multi-layer winding structure. A landmark achievement 
of this approach was the generation of a 100.75 T field [15] in Los Alamos, USA. However, 
this methodology carries a critical and inherent limitation: the exponential scaling  
of the magnet's size and mass with the target field strength. This relationship is described 
by  the  ratio  of the external radius to the inner radius 𝑅𝑒

𝑅𝑖
~ 𝑒𝑥𝑝(1 / 𝜂𝑚𝑎𝑥), where 𝜂𝑚𝑎𝑥 is  
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Fig. 1. Overview of strong-magnetic fields generation methods. Based on data from [11] 
 
a dimensionless stress parameter (von Mises stress divided by magnetic pressure 𝐵0

2/2𝜇0), 
implies that advancing beyond current records would require magnets of prohibitively 
large dimensions and immense stored energy, rendering this path economically and 
practically unviable for many applications. 

This impasse has spurred the investigation of alternative paradigms, among which 
the "quasi-force-free" magnet concept ([16–21]) presents a promising solution. Its 
principle is to engineer the current density vector 𝐽 to be nearly parallel to the internal 
magnetic field 𝐵 within the conductor, thereby minimizing the Lorentz force density 
(𝐽  ×  𝐵). This is achieved through a specific configuration of toroidal and poloidal current 
components that promote force self-compensation. 

As a basic element of a quasi-force-free magnet, a solenoid with a specific winding 
angle can be considered (Fig. 2(a)). Such a structure may be approximated as an infinitely 
long hollow cylinder with inner radius 𝑅1  and outer radius 𝑅2 in an axisymmetric 
representation (Fig. 2(b)). The winding angle is directly related to the azimuthal magnetic 
 

 
 

Fig. 2. Basic element of a quasi-force-free magnet  
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field 𝐵𝜑. A typical spatial distribution of the magnetic field components 𝐵 is shown in 
Fig. 2(c) and calculated, for example, in [22]. 

Existing theoretical analyses of the central base region usually use simplified static 
models to estimate the stress at the peak of the current pulse. While this approach 
provides a useful reference point, it does not account for the transient dynamics that 
occur during real pulsed operation. In practice, the pulse duration and the 
electromagnetic skin effect characterized by the ratio of the conductor thickness to the 
skin depth play a key role. They determine how the current, and therefore the volumetric 
Lorentz force, is distributed inside the conductor. This time-varying force distribution 
ultimately governs the conductor’s dynamic mechanical response. 

The present work addresses this gap by investigating non-stationary processes in a 
fundamental single-layer cylindrical model of a quasi-force-free magnet. The analysis 
follows a sequential methodology. First, the natural vibration frequencies of a hollow 
cylinder are determined. Subsequently, the dynamic problem of linear elasticity theory is 
solved under the action of a previously calculated balancing volumetric radial force. This 
force results from a unipolar current pulse in the form of a half-wave sine. Due to the 
linearity of the problem, the effects of electromagnetic diffusion (which determines the 
force profile) can be considered separately from the dynamic mechanical effects. This 
article is specifically devoted to the latter, as indicated by its title. 

 
Methods 
The research methodology for analyzing the dynamic mechanical response of a quasi-
force-free magnet conductor is based on a sequential solution of two coupled physical 
problems: determining the natural vibrational spectrum of the system and calculating its 
forced oscillations under a given electromagnetic load. The method is described in such 
detail that it can be reproduced to obtain similar results. 

 
Analytical model and governing equations 

The object of study is an infinitely long, hollow, isotropic cylindrical conductor with inner 
radius 𝑅1 and outer radius 𝑅2. The analysis is conducted within the framework of linear 
elasticity theory under axisymmetric plane strain conditions. The radial 
displacement 𝑢(𝑟, 𝑡) is the primary variable. The starting point is the equation of motion 
for radial vibrations, derived from the balance of linear momentum: 

𝜌
𝜕2𝑢

𝜕𝑡2
= 𝑐11

𝜕

𝜕𝑟
(

𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
), (1) 

where 𝜌 is the material density, and 𝑐11 = 𝜆 + 2𝜇 is an elastic modulus (𝜆 and 𝜇 are Lamé 

constants). Introducing the speed of the dilatational wave 𝑐 = √
𝑐11

𝜌
  simplifies the 

equation to: 
𝜕2𝑢

𝜕𝑡2 = 𝑐2 𝜕

𝜕𝑟
(

𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
). (2) 

To find the natural frequencies, a free vibration problem is considered. A solution 
to Eq. (2) is sought in the form:   

𝑢(𝑟, 𝑡) = 𝑈(𝑟)𝑒𝑥𝑝(𝑗𝜔𝑛𝑡),  (3) 
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were 𝜔𝑛is the angular natural frequency and 𝑈(𝑟) describes the radial mode shape. 
Substituting this form into the governing equation leads to an ordinary differential 
equation for the spatial amplitude: 

𝑑2𝑈

𝑑𝑟2
+

1

𝑟

𝑑𝑈

𝑑𝑟
+ (

𝜔𝑛
2

𝑐2
−

1

𝑟2
) 𝑈 = 0. (4) 

Equation (4) is a canonical form of Bessel's differential equation. Its general solution 
is a linear combination of first-order Bessel functions of the first and second kind: 

𝑈(𝑟) = 𝐶1𝐽1 (
𝜔𝑛𝑟

𝑐
) + 𝐶2𝑌1 (

𝜔𝑛𝑟

𝑐
), (5) 

where 𝐶1 and 𝐶2 are constants determined by the boundary conditions. 
 

Determination of natural frequencies and modes 

For a free-standing cylinder with no external traction on its inner 𝑅1 and outer 𝑅2 
surfaces, the radial stress 𝜎𝑟 must vanish at both boundaries. The radial stress for a plane 
strain case is given by: 

𝜎𝑟 = 𝑐11
𝜕𝑢

𝜕𝑟
+ 𝜆

𝑢

𝑟
.  (6) 

Introducing a parameter 𝑚 = 𝜆/𝑐11, the boundary conditions can be expressed as: 
(

𝑑𝑈

𝑑𝑟
+ 𝑚

𝑈

𝑟
)|

𝑟=𝑅1

= 0, 

(
𝑑𝑈

𝑑𝑟
+ 𝑚

𝑈

𝑟
)|

𝑟=𝑅2

= 0.  
(7) 

Substituting the general solution from Eq. (5) into these boundary conditions yields 
a system of two homogeneous linear equations for 𝐶1 and 𝐶2. For a non-trivial solution 
to exist, the determinant of the coefficient matrix must be zero. This requirement leads 
to the following characteristic equation, the solutions of which define the discrete set of 
natural frequencies 𝜔𝑛 of the system: 

[
𝜔𝑛𝑅1

𝑐
𝐽0 (

𝜔𝑛𝑅1

𝑐
) + (𝑚 − 1)𝐽1 (

𝜔𝑛𝑅1

𝑐
)] [

𝜔𝑛𝑅2

𝑐
𝑌0 (

𝜔𝑛𝑅2

𝑐
) + (𝑚 − 1)𝑌1 (

𝜔𝑛𝑅2

𝑐
)] −  

[
𝜔𝑛𝑅2

𝑐
𝐽0 (

𝜔𝑛𝑅2

𝑐
) + (𝑚 − 1)𝐽1 (

𝜔𝑛𝑅2

𝑐
)] [

𝜔𝑛𝑅1

𝑐
𝑌0 (

𝜔𝑛𝑅1

𝑐
) + (𝑚 − 1)𝑌1 (

𝜔𝑛𝑅1

𝑐
)] = 0.  

(8) 

To simplify the numerical solution of Eq. (8), it is convenient to introduce the 
dimensionless frequency 𝜔̂𝑛 = 𝜔𝑛𝑅1/𝑐 and the geometry ratio 𝑔 = 𝑅2/𝑅1. The boundary 
condition terms can be compactly defined as: 

𝒜11(𝜔̂) = (𝑚 − 1)𝐽1(𝜔̂) + 𝜔̂𝐽0(𝜔̂), 
𝒜12(𝜔̂) = (𝑚 − 1)𝑌1(𝜔̂) + 𝜔̂𝑌0(𝜔̂),  
𝒜21(𝜔̂, 𝑔) = (𝑚 − 1)𝐽1(𝑔𝜔̂) + 𝑔𝜔̂𝐽0(𝑔𝜔̂),  
𝒜22(𝜔̂, 𝑔) = (𝑚 − 1)𝑌1(𝑔𝜔̂) + 𝑔𝜔̂𝑌0(𝑔𝜔̂).  

(9) 

The characteristic equation then reduces to the vanishing of a 2𝑥2 determinant: 
𝒜11(𝜔̂) ∙ 𝒜22(𝜔̂, 𝑔) − 𝒜12(𝜔̂) ∙ 𝒜21(𝜔̂, 𝑔) = 0.  (10) 

The roots 𝜔̂𝑛 of Eq. (10) correspond to the dimensionless eigenfrequencies of the 
hollow cylinder. The results match with works in [23], in [24] for isotropic case and with 
the case of axially symmetric vibrations in [25].  

 
Dynamic response to electromagnetic loads 
Having established the natural frequencies of the force-free cylinder, we now proceed to 
model its dynamic response when subjected to the transient volumetric Lorentz forces 
generated during a current pulse. The governing equation now: 
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𝜌
𝜕2𝑢

𝜕𝑡2
= 𝑐11 (

𝜕2𝑢

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
−

𝑢

𝑟2
) + 𝑓(𝑟, 𝑡),  (11) 

where 𝑓(𝑟, 𝑡) = 𝑋(𝑟)sin(𝜔𝑑𝑡) in particular case modeled as a half-wave sine pulse with 
driven frequency 𝜔𝑑 and active time 𝑡 𝜖 [0,

𝑇

2
]. 

To solve this non-homogeneous partial differential equation, we employ the 
Laplace transform with respect to time. The transform of the displacement is defined as 
𝑈𝐿(𝑟, 𝑠) = ℒ{𝑢(𝑟, 𝑡)}. Applying the transform to Eq. (11), and assuming zero initial 
displacement and velocity, yields: 

(
𝑑2𝑈𝐿

𝑑𝑟2 +
1

𝑟

𝑑𝑈𝐿

𝑑𝑟
−

𝑈𝐿

𝑟2) −
𝑠2

𝑐2 𝑈𝐿 = 𝐹𝐿,  (12) 
where the transformed forcing function is:  

𝐹𝐿 = −
ℒ{𝑓(𝑟,𝑡)}

𝑐11
= −

𝑋(𝑟)

𝑐11
∙

𝜔𝑑

𝑠2+𝜔𝑑
2. (13) 

The general solution in the Laplace domain is the sum of homogeneous and 
particular solutions: 

𝑈𝐿(𝑟, 𝑠) = 𝑈𝐿
(ℎ)(𝑟, 𝑠) + 𝑈𝐿

(𝑝)(𝑟, 𝑠). (14) 
The homogeneous solution is expressed in terms of modified Bessel functions: 

𝑈𝐿
(ℎ)

(𝑟, 𝑠) = 𝐶1(𝑠)𝐼1 (
𝑠

𝑐
𝑟) + 𝐶2(𝑠)𝐾1 (

𝑠

𝑐
𝑟).  (15) 

A particular solution is found using the method of variation of parameters, involving 
integrals of the form: 

𝐶1̂(𝑟, 𝑠) = ∫ 𝜉𝐹𝐿(𝜉, 𝑠)𝐾1 (
𝑠

𝑐
𝜉) 𝑑𝜉,

𝑟

𝑅1
  

𝐶2̂(𝑟, 𝑠) = − ∫ 𝜉𝐹𝐿(𝜉, 𝑠)𝐼1 (
𝑠

𝑐
𝜉) 𝑑𝜉.

𝑟

𝑅1
  

(16) 

So, it can be constructed by:  
𝑈𝐿

(𝑝)
(𝑟, 𝑠) = 𝐶1̂(𝑟, 𝑠)𝐼1 (

𝑠

𝑐
𝑟) + 𝐶2̂(𝑟, 𝑠)𝐾1 (

𝑠

𝑐
𝑟). (17) 

Constants 𝐶1(𝑠), 𝐶2(𝑠) are determined by applying the traction-free boundary 
conditions similarly to Eq. (10) to the full solution 𝑈𝐿(𝑟, 𝑠), which leads to a linear 
algebraic system solved for each complex 𝑠: 

ℳ ∙ [
𝐶1(𝑠)

𝐶2(𝑠)
] = 𝑏. (18) 

where matrix ℳ and vector 𝑏 coefficients are: 
ℳ11 =

(𝑚−1)

𝑅1
𝐼1 (

𝑠

𝑐
𝑅1) +

𝑠

𝑐
𝐼0 (

𝑠

𝑐
𝑅1),  

ℳ12 =
(𝑚−1)

𝑅1
𝐾1 (

𝑠

𝑐
𝑅1) +

𝑠

𝑐
𝐾0 (

𝑠

𝑐
𝑅1),  

ℳ21 =
(𝑚−1)

𝑅2
𝐼1 (

𝑠

𝑐
𝑅2) +

𝑠

𝑐
𝐼0 (

𝑠

𝑐
𝑅2), 

ℳ22 =
(𝑚−1)

𝑅2
𝐾1 (

𝑠

𝑐
𝑅2) +

𝑠

𝑐
𝐾0 (

𝑠

𝑐
𝑅2), 

𝑏1 = 0,  
𝑏2 = −[𝐶1̂(𝑅2, 𝑠)ℳ21 + 𝐶2̂(𝑅2, 𝑠)ℳ22 ]. 

(19) 

The final time-domain solution 𝑢(𝑟, 𝑡) is obtained by numerical inversion of the 
Laplace transform (e.g., using the Gaver-Stehfest algorithm [26]). 
 
Quasi-force-free magnet implementation 
The methodology described in the previous sections is applied to a specific quasi-force-
free magnet configuration (Fig. 2). The volumetric force distribution 𝑋(𝑟) is selected to 
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satisfy the self-equilibration condition, ensuring zero net radial force through the 
conductor wall [22]: 

∫ 𝑋(𝑟)𝑑𝑟
𝑅2

𝑅1
= 0. (20) 

Thus, the expression is: 

𝑋(𝑟) = 𝜇0 (
𝐴1

2

𝑟
ln (

𝑅2

𝑟
) +

𝑍1
2

2
∙

𝑅1
2−𝑟2

𝑟
 ),  (21) 

where 𝜇0 is the magnetic constant. Constants 𝐴1, 𝑍1 are defined by the target central 
magnetic field 𝐵0 and geometry: 

𝐴1 =
𝐵0

𝜇0 ln(𝑔)
, 𝑍1 =

2𝐵0𝜃𝑅2

𝜇0(𝑅2
2−𝑅1

2)
. (22) 

The parameter 𝜃 = 𝐵𝑝/𝐵0 (ratio of poloidal to axial field) is calculated as: 

𝜃 =
𝑔2−1

2𝑔√𝑔2−1

2
−ln (𝑔)

. (23) 

It is important to emphasize that in the present formulation the radial force 
distribution 𝑋(𝑟) is prescribed. Electromagnetic diffusion and possible redistribution of 
current density are intentionally excluded from the model. The spatial profile given by 
Eq. (21) is treated as a fixed load satisfying the self-equilibration condition, while the 
temporal dependence is introduced solely through the harmonic factor sin(𝜔𝑑𝑡). 

The analytical solution obtained in the previous sections is formulated for an 
arbitrary self-equilibrated function 𝑋(𝑟). Therefore, it is not restricted to the idealized 
hollow cylindrical geometry assumed here. In practical conductors, the actual cross-
section (e.g., a round wire in a tightly wound helix) does not form a perfectly rectangular 
r-z domain. This geometric difference may modify the detailed spatial distribution of the 
Lorentz force; however, it does not alter the structure of the dynamic problem itself. The 
mechanical response is governed primarily by the excitation frequency relative to the 
eigenfrequencies of the system, whereas moderate variations of the radial load shape 
affect only quantitative details of the response amplitude. 

 
Results and Discussion 
The developed analytical and numerical model was applied to analyze the dynamic 
mechanical response of a quasi-force-free magnet conductor with specific geometric and 
material parameters. The aim was to assess the stress levels under a high magnetic field 
pulse and identify potential risks of stress amplification. The geometric ratio was set 
at 𝑔 = 𝑅2/𝑅1 = 1.3, and the conductor material was modeled with properties typical of 
beryllium bronze: Young's modulus 𝐸 = 131 GPa, Poisson's ratio 𝜈 = 0.3, and density 
𝜌 = 8900 kg/m³. The target central magnetic field was 𝐵0 = 100 T.  

In the dynamic analysis, the excitation frequency of the current pulse becomes a 
critical parameter. The electromagnetic skin effect is characterized by the dimensionless 
parameter 𝑘 = Δ/Δ0 defined [27] as the ratio of the conductor thickness Δ = 𝑅2 − 𝑅1 and 
the skin depth:  

Δ0 = √
2

𝜎𝜇0𝜔𝑑
. (24) 

Here, 𝜎 is the electrical conductivity and 𝜔𝑑 is associated with the current pulse duration. 
It should be noted that Eq. (19) is only applicable for weak skin-effect regime 
(𝑘 ≤ 1). In this case, the electromagnetic diffusion time is sufficiently long to ensure 
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nearly uniform current distribution across the conductor wall, thereby validating the 
assumption of a spatially constant force profile during the dynamic excitation. 
 
Natural vibration spectrum 
The solution of the characteristic equation (10) yielded the dimensionless 
eigenfrequencies of the hollow cylindrical conductor. Graphic representation of the 
numerical solution in Matlab for Eq. (10) is presented in Fig. 3.  

 
 

Fig. 3. Roots of Eq. (10) for determination of natural frequencies 
 
The first fundamental dimensionless frequency was found to be 𝜔1̂ ≈ 0.797. In the 

present formulation, the excitation is introduced as a 𝑓(𝑟, 𝑡) = 𝑋(𝑟)sin(𝜔𝑑𝑡), and the 
frequency parameter is conveniently expressed through the dimensionless quantity 𝑘 via: 

𝜔𝑑 =
2𝑘2

𝜎𝜇0Δ2. (25) 

Using this relation purely as a parametrization of the excitation frequency, we 
determine the value of 𝑘 for which the driving frequency coincides with the first 
eigenfrequency. For beryllium bronze (𝜎 = 60 MS/m) yields 𝑘 ≈ 10.971. This value lies 
well above the operational regime considered here and corresponds to pulse durations 
in the microsecond range (𝜏 = 𝜋/𝜔𝑑).  

 
Dynamic stress response 

For the stress response analysis, stress tensor components are calculated using 
constitutive relations for isotropic linear elasticity under plane strain: 

𝜎𝑟(𝑟, 𝑡) = 𝑐11
𝜕𝑢

𝜕𝑟
+ 𝜆

𝑢

𝑟
,  

𝜎𝜑(𝑟, 𝑡) = 𝜆
𝜕𝑢

𝜕𝑟
+ 𝑐11

𝑢

𝑟
,  

𝜎𝑧(𝑟, 𝑡) = 𝜆 (
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
).  

(26) 

The von Mises equivalent stress is: 

𝜎𝑀𝑖𝑠(𝑟, 𝑡) = √
1

2
[(𝜎𝑟 − 𝜎𝜑)

2
+ (𝜎𝜑 − 𝜎𝑧)

2
+ (𝜎𝑧 − 𝜎𝑟)2].   (27) 

The dynamic response to a half-sine current pulse was calculated for various skin-
effect regimes (k values). Figure 4 illustrates the spatial-temporal evolution of the 
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normalized radial displacements 𝑢(𝑟, 𝑡)/𝑅1 and von Mises stress 𝜂(𝑟, 𝑡) = 2𝜇0𝜎𝑀𝑖𝑠

(𝑟, 𝑡)/𝐵0
2 for a representative case with 𝑘 = 0.5. The stress rises smoothly following the 

temporal profile of the driving pulse, consistent with a linear system in a regime far from 
first natural frequency. The peak stress values align well with those predicted by static 
analyses for comparable geometries [22], confirming the model's validity in the quasi-
stationary limit (𝑘 ≤ 1) at the peak of the pulse (𝑡 = 𝑇/4). 

 

 
 

Fig. 4. Normalized contour plots of radial displacements (a) and von Mises (b) stresses for k = 0.5 
 
A critical aspect of pulsed magnet operation is the dynamic mechanical response, 

which becomes significant when the characteristic timescale of the electromagnetic 
excitation is comparable to the natural mechanical periods of the conductor. In this 
analysis, this regime is explored by varying the normalized parameter 𝑘, which here 
scales the angular frequency 𝜔𝑑 of the applied half-sine force pulse. The prescribed 
spatial force distribution 𝑋(𝑟), corresponding to the quasi-force-free equilibrium, remains 
unchanged; the parameter  𝑘 thus serves as a normalized driving frequency, 𝑘 ∝ √𝜔𝑑, 
controlling the rate of load application. 

The system's dynamic response is highly sensitive to the relationship between this 
driving frequency and the conductor's natural eigenfrequencies. For low 𝑘, the stress 
develops quasi-statically, and the peak von Mises stress η corresponds to the static solution. 

With increasing values of the dimensionless parameter 𝑘, the inertial forces within 
the conductor become significant, causing the system's response to transition from a quasi-
static to a genuinely dynamic regime. This transition is characterized by a pronounced 
frequency-dependent amplification of the mechanical fields, as detailed in Fig. 5.  

Figure 5 presents the normalized dynamic response of the hollow cylinder to 
impulsive loading across a range of 𝑘 values. Subfigure 5(a) shows the dynamic 
amplification factor for radial displacement, defined as 𝑚𝑎𝑥|𝑢𝑟(𝑟,𝑡)|

max|𝑢𝑠𝑡|
 through the whole 

impulse time, where max|𝑢𝑠𝑡| is the maximum amplitude of radial displacements  
for quasi-static solution or 𝑚𝑎𝑥 |𝑢𝑟 (𝑟,

𝑇

4
)| for lower 𝑘. Subfigures 5(b) and 5(c) depict  

the normalized time and radial coordinate for 𝑚𝑎𝑥|𝑢𝑟(𝑟, 𝑡)| during impulse time. Finally, 
subfigure 5(d) illustrates the corresponding dynamic amplification factor for the stress 
measure given by max 𝜂(𝑟,𝑡)

max 𝜂𝑠𝑡𝑎𝑡𝑖𝑐
.   

(a)                                                                                               (b)                                                       
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Fig. 5. Normalized mechanical values dependences from k: (a) 𝑚𝑎𝑥|𝑢𝑟(𝑟,𝑡)|

max|𝑢𝑠𝑡𝑎𝑡𝑖𝑐|
, (b) time corresponds  

to 𝑚𝑎𝑥|𝑢𝑟(𝑟, 𝑡)| normalized to pulse time, (c) radial coordinate corresponds to 𝑚𝑎𝑥|𝑢𝑟(𝑟, 𝑡)|  
normalized to inner radius, (d) max 𝜂(𝑟,𝑡)

max 𝜂𝑠𝑡𝑎𝑡𝑖𝑐
 

 
To elucidate the observed dynamic behavior, it is instructive to draw an analogy 

with the classical single-degree-of-freedom (SDOF) system. The response-ration time 
history is 𝑅(𝑡) = 𝑢𝑆𝐷𝑂𝐹(𝑡)/(

𝑝0

𝑘𝑆𝐷𝑂𝐹
) of an undamped SDOF system subjected to a harmonic 

load 𝑝0 sin 𝜔̅𝑡, starting from the rest, is governed by: 
𝑚𝑆𝐷𝑂𝐹𝑢̈𝑆𝐷𝑂𝐹(𝑡) + 𝑘𝑆𝐷𝑂𝐹𝑢𝑆𝐷𝑂𝐹(𝑡) = 𝑝0 sin 𝜔̅𝑡.  (28) 

Introducing the frequency ratio 𝛽 =
𝜔̅

𝜔𝑆𝐷𝑂𝐹
= 𝜔̅√

𝑚𝑆𝐷𝑂𝐹

𝑘𝑆𝐷𝑂𝐹
, the solution can be 

expressed as: 
𝑅(𝑡) =

1

1−𝛽2
(sin 𝜔̅𝑡 − 𝛽sin 𝜔𝑆𝐷𝑂𝐹𝑡). (29) 

For case of single half-sine impulse loading it is convenient to introduce 𝛼 = 𝑡/𝜏, 
where 𝜏 = 𝑇/2 is the end time point. Then, Eq. (26) will be: 

𝑅(𝛼) =
1

1−𝛽2 (sin 𝜋𝛼 − 𝛽sin
𝜋𝛼

𝛽
) , 0 ≤ 𝛼 ≤ 1. (30) 

Here introduced 𝛽 can be rewritten in terms of 𝜔𝑑 (or 𝑘) as 𝜔̅ and our found first 
natural frequency as 𝜔𝑆𝐷𝑂𝐹. In Fig. 6, the time-dependent response-ration for different 
values of 𝑘 and corresponding 𝛽 can be seen.  

It can be seen that for 𝑘 in operational regime (𝛽 ≤ 0.008) response-ratio curve will 
approach the quasi-static response curve. Starting from 𝑘 ≈ 5 the second term of Eq. (30) 
becomes significant, and the first peak corresponds to maximum response-ratio. The time  
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Fig. 6. Single degree-of-freedom response-ration time history representation for different 𝑘 
 

𝛼𝑚𝑎𝑥 of this first maximum, found by taking the derivative and solving 𝑑𝑅(𝛼)/𝑑𝛼 = 0,  
is given by: 

𝛼𝑚𝑎𝑥 =
2𝛽

𝛽+1
, 0 ≤ 𝛼 ≤ 1. (31) 

The dependence of 𝛼𝑚𝑎𝑥 on 𝑘, plotted in Fig. 7, explains the trend observed in 
Fig. 5(b): the instant of maximum displacement shifts with increasing 𝑘. It reaches 𝛼𝑚𝑎𝑥 = 1  
at 𝛽 = 1 (𝑘 ≈ 10.971), that means that driven frequency of impulse becomes equal to 
the first natural frequency of the system. 

 

 
 

Fig. 7. Maximum single degree-of-freedom response-ration time history representation for different 𝑘 (a) 
and corresponding normalized times of maximum (b) 

 
The analytical model of the hollow cylinder (Fig. 5) reveals a decrease in the maximum 

recorded displacement and stress for 𝑘 values beyond the resonant point (𝛽 > 1).  
This occurs because the simulation time is limited to the impulse duration 𝜏. At higher 𝑘, 
the maximum system response may occur during the subsequent free-vibration phase, 
governed by the displacement 𝑢(𝑟, 𝜏) and the velocity 𝑢̇(𝑟, 𝜏) conditions at time 𝜏. 
Although the absolute maximum during the impulse does not peak precisely at 𝛽 = 1  

(a)                                                                                     (b)                                                       
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in either the SDOF or the cylinder model, the resonant condition 𝛽 = 1 yields the largest 
amplitude of free vibrations after the load is removed. This post-impulse response is 
critical for assessing potential fatigue damage and the structural integrity of the 
conductor under repeated loading. 
 
Conclusions  
The dynamic analysis of a hollow cylindrical quasi-force-free magnet conductor subjected 
to a transient electromagnetic pulse yields the following principal conclusions: 
1. The natural vibrational spectrum of a free, hollow cylindrical conductor has been 
determined analytically. For a typical geometry ratio (𝑔 =  1.3), the fundamental 
dimensionless eigenfrequency is 𝜔1̂ ≈ 0.797.  
2. A dynamic model has been developed, solving the forced mechanical response to  
a prescribed volumetrically distributed Lorentz force via Laplace transforms techniques.  
It is critical to note that this analysis decouples the mechanical dynamics from the 
electromagnetic diffusion process; the spatial force profile 𝑋(𝑟) is assumed from a static 
quasi-force-free equilibrium and is not recalculated during the pulse. This model provides 
complete time-dependent displacement and stress fields for an arbitrary pulse shape. 
3. The system's response is governed by the ratio of the pulse driving frequency to the 
fundamental natural frequency, analogous to the frequency ratio 𝛽 in a single-degree-of-
freedom (SDOF) system. For the operational regime with millisecond pulses (𝑘 ≤ 1,  𝛽 ≪ 1),  
the response is quasi-static, and peak stresses align with static model predictions. 
4. A transition to a genuinely dynamic regime occurs for microsecond ([28–31]) pulses 
(𝑘 > 1,  𝛽 → 1), characterized by frequency-dependent amplification and a shift in  
the time of peak response within the pulse duration, as accurately predicted by the SDOF 
analogy. The most severe dynamic amplification of stresses (exceeding static levels by a 
factor of 1.77 in Fig. 5) was observed.  
5. Crucially, while the absolute maximum stress recorded during the impulse may not 
peak exactly at 𝛽 = 1, this condition produces the largest amplitude of free 
vibrations after the load is removed and should be considered in models with damping. 
This post-impulse oscillatory response is critical for fatigue assessment and structural 
integrity of the magnet system.  
6. The analysis confirms that for single-layer coils with long pulses, simplified static 
models are adequate for stress estimation. However, the developed dynamic 
methodology and the identified resonant behavior are essential for the design and 
integrity analysis of advanced magnets, particularly for multi-layer or composite 
systems [32] operating with fast pulses, where it can be further expanded and scaled. It 
should be noted that the present formulation is based on linear elasticity and a prescribed 
quasi-force-free force distribution. In more detailed coupled models, electromagnetic 
diffusion, damping, nonlinear material response at high stress levels, and deviations of 
the current distribution from the idealized profile may modify the quantitative values of 
dynamic amplification. These effects do not alter the frequency-controlled nature of the 
quasi-static-to-dynamic transition identified here but may influence the exact stress 
amplitudes in practical systems. 
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