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ABSTRACT  

The reflection behavior of plane waves in a nonlocal porous thermoelastic half-space incorporating 

hyperbolic two-temperature effects under impedance boundary conditions within the framework of refined 

the Green-Lindsay theory is investigated. The formulation accounts for nonlocal elasticity, thermal 

relaxation, and porous interactions, leading to the propagation of four distinct wave modes, namely primary, 

thermal, porous, and shear vertical waves, each with different phase velocities. Reflection coefficients are 

derived analytically, and corresponding energy ratios are computed to examine the influence of hyperbolic 

two-temperature, two-temperature, and one-temperature models, as well as comparisons between the 

refined Green–Lindsay and simple Green–Lindsay theories. Numerical results reveal strong sensitivity of 

energy partition to both angle of incidence and thermal parameters. In particular, hyperbolic two-

temperature effects significantly modify energy distribution, leading to pronounced deviations from 

classical the one-temperature model predictions, especially for primary and shear vertical waves 

incidences. The refined Green–Lindsay model consistently produces higher and more stable energy ratios 

compared to the simple Green–Lindsay model, indicating improved representation of thermo-mechanical 

coupling and relaxation effects. Oscillatory behaviour is observed in several reflected energy components, 

highlighting the combined influence of nonlocality and thermal phase lags on wave interactions. The 

results demonstrate that the inclusion of hyperbolic two-temperature and nonlocal effects provides a more 

refined and physically consistent description of wave propagation in porous media. These findings are of 

practical importance in applications such as soil mechanics, geophysics, and civil engineering, where 

accurate prediction of wave reflection and energy distribution under thermal loading conditions is essential. 
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Introduction 

Biot [1,2] was the first one who presented the theoretical framework to study the 

propagation of waves in fluid saturated porous material having low frequency and high 

frequency range. Following his model many researchers have contributed their work in 

context of propagation of waves in fluid saturated porous thermoelastic media due to its 

numerous applications in field of ocean engineering, geophysics, soil engineering etc. 

The coupled theory of thermoelasticity proposed by Biot [3] has some limitations as in 
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case of short work time it is difficult to maintain thermal equilibrium. To overcome this 

problem two well-known theories of thermoelasticity known as the Lord-Shulman 

theory [4] (LS theory) and the Green-Lindsay theory [5] (GL theory) drew the attention of 

researchers over past some decades. These theories predict the finite speed of heat 

propagation and are known as generalized theories of thermoelasticity. An exact solution 

for classical coupled thermoporoelasticity in case of cylindrical and spherical coordinates 

are given by Jabbari and Dehbani [6,7]. 

Eringen [8] introduced that in non-local theory of elasticity the stress tensor at a 

point within a continuous body gets influenced by strain at that point as well as the 

strains at other points of the continuous body also. Non-local stress forces act as a remote 

action force, and such types of forces are dealt with in study of atomic theory of lattice 

dynamics.  In nonlocal theory of elasticity, small scale parameters are introduced in the 

constitutive equations to represent the atomic distance. Such type of nonlocal continuum 

mechanics is widely used to study the wave propagation problems [9–14]. Sharma and 

Marin [15,16] studied some problems on reflection of waves in micropolar thermoelastic 

medium. Sharma and Sharma [17] employed Laplace and Hankel transformation to study 

the impact of temperature fluctuations on tissues. Reflection parameters are strongly 

influenced by the diffusion parameters as compared to electric and magnetic parameters 

in GL model [18]. Abo-Dahab [19] obtained the reflection and transmission coefficients 

of waves at the solid-liquid interface and studied the effect of magnetic and initial stress 

on them in context of generalized theory of GL model. Othman and Ahmed [20] applied 

GL theory to study the deformation of piezothermoelastic medium with rotation under 

the impact of gravity. 

Lofty and Gabr [21] employed LS, GL and couple theory to study the effect of 

mechanical force in semiconducting infinite medium with two-temperatures. Abo-Dahab [22] 

used Lame’s potential method in context of LS theory and investigated the impact of 

magnetic field on reflection of waves in a thermoelastic half space with two 

temperatures. Dahab et al. [23] presented that in case of two temperatures the behavior 

of particles is more realistic than one temperature generalized thermoelastic medium and 

it has strong impact on reflection coefficients. Saeed et al. [24] used finite element 

method to study the impact of thermal relaxation times on poroelastic materials in context 

of GL model. Anaya and Khan [25] used GL theory to study the reflection of thermoelastic 

waves in a rotating fiber reinforced medium with magnetic field. The effect of nonlocal, 

micropolar and rotation parameters on reflection coefficients from micropolar 

thermoelastic medium is studied by Kalkal et al. [26]. Sharma and Khator [27,28] studied 

some problems on power generation using renewable energy sources. An intensive study 

in context of higher order derivatives with nonlocal parameters in micropolar 

thermoelastic media is presented in works of [29–31]. The nonlocal parameters in 

rotating fractional order porous medium have no impact on quasi void wave [32]. 

Reflection of waves in an orthotropic micropolar thermoelastic diffusive medium having 

two temperatures is studied by Punia et al. [33]. Kumar et al. [34] employed the Moore-

Gibson-Thompson heat equation to under hyperbolic two-temperatures to study the 

deformation in an axisymmetric micropolar thermoelastic medium. Kaushal et al. [35] 

studied the behavior of waves propagating in a non-local thermoelastic medium using 

modified the Green and Lindsay model having impedance boundary conditions.  
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Abouelregal [36] used modified higher order thermoelasticity and studied the effect 

of micropolarity, phase delay and nonlocal index on micropolar viscoelastic 

nanostructures subject to laser induced heat flux. Sharma et al. [37] analyzed wave 

motion in fractional order swelling porous thermoelastic medium having impedance 

boundary conditions. Sharma et al. [38] studied the reflection of plane waves  

in porothermoelastic half space having three phase lags. Sharma et al. [39] used chemical 

potential sources and studied thermal and chemical responses on nonlocal thermoelastic 

diffusive half-space. Marin et al. [40] examined the fundamental sol and Green’s function 

in photothermelastic under MGT heat equation and temperature dependent properties. 

Kumar et al. [41] examined the influence of viscosity on energy ratios at boundary 

involving elastic and piezothermoelastic with two temperature and phase lags. 

Abouelregal et al. [42] proposed a spatiotemporal nonlocal model and highlighted  

the importance of size dependent higher order derivative to study the temporal nonlocal 

effects in micropolar viscoelastic medium exposed to short-pulse laser excitation. Later, 

in [43], it was introduced the groundbreaking dual phase lag theroy of thermoelasticity 

and bridges the gap between traditional continuum mechanics and nanoscale mechanics. 

A novel thermoelastic model developed by integrating nonlocal theory of elasticity, the 

Kelvin-Voigt viscoelastic model and the Klein-Gordon type nonlocal model of elasticity 

in proposed in works of Abouelregal et al. [44]. In [45], it was also used a two-parameter 

Mittag-Leffler kernel and provided a more precise framework to analyse the complex 

interactions of porous structures. 

In the present paper, reflection of plane waves in a nonlocal porous thermoelastic 

half-space in context of refined the Green and Lindsay model (RGL) and the simple Green 

and Lindsay model (SGL) are studied. Existence of three longitudinal waves i.e. primary 

wave (P-wave), thermal wave (T-wave), porous wave (Ps-wave) and one transversal waves 

(SV-wave) moving with distinct velocities is studied. Impedance boundary conditions are 

imposed to obtain the reflection coefficients due to incidence of each wave. Using these 

reflection coefficients energy ratios are computed for hyperbolic two-temperature (HTT), 

two-temperature (TT) and one-temperature (1T) cases. Energy ratios are also calculated 

for RGL and SGL models and it is observed that RGL model gives more refined results 

than SGL model. Results obtained may be useful in field of soil mechanics and civil 

engineering.   

 

Basic equations 

The field equations in an incompressible porous thermoelastic medium in absence of heat 

sources and body forces are Jabbari and Dehbani [7] and Abouelregal et al. [44] as: 

(𝜆 + 𝜇)∇∇𝑢⃗ + 𝜇∇2𝑢⃗ − 𝛼∇𝑃 − 𝛽 (1 + 𝛿2𝑚 ∑ 𝜏1
𝑛 ∂𝑛

∂𝑡𝑛
𝑁
𝑛=1 )∇𝑇 = 𝜌 (1 − 𝑙2∇2 + τ2 ∂2

∂𝑡2)
∂2𝑢⃗⃗ 

∂𝑡2 ,  (1) 
𝐾𝑜

𝛾𝑤
∇2𝑃 − 𝛼𝑝𝑃̇ − 𝑌𝑇̇ − 𝛼∇𝑢⃗ ̇ = 0, (2) 

𝐾∇2φ = (1 + ∑ 𝜏0
𝑛𝑁

𝑛=1
∂𝑛

∂𝑡𝑛) [𝑍𝑇0Ṫ − 𝑌𝑇0Ṗ] + 𝛽𝑇0∇𝑢⃗ ̇, (3) 

𝑇̈ = (φ̈ − 𝛽∗∇2φ), (4) 

where λ and μ are the Lame’s constants of the solid skeleton, u⃗  is a displacement vector 

of the solid matrix, 𝛼 = 1 −
Cs

C
 is the Biot’s constant, 𝐶 =  

3(1-2v)

E
 is a coefficient of 



67 S. Sharma, D. Batra, R. Kumar 

volumetric thermal expansion of the solid body, 𝐶s=
3(1-2vs)

Es
 is weight loss in solid grain, 

𝛽 =
3αs

C
 is change in temperature, αs is a rate of straight-line heat expansion in solid 

grain’s, 𝜑 is a porosity of weight fraction of pores in the solid grains, ρ is a mass density 

of the solid matrix, P is a pore fluid pressure, T0 is the initial uniform temperature of the 

medium, T is a temperature change from the reference temperature, Ko is a hydraulic 

conductivity, αw is a pore water linear thermal expansion, γw is an unit for pore water, 

αp=n(Cw-Cs)αCs, Cw is a pore water volumetric compression, ρs is density of solid grains, 

ρw  is a density of pore water, E is the Young’s modulus of the elastic solid matrix, K is  

a thermal conductivity of the porous medium, 𝑣 is Poisson’s ratio of the solid skeleton,  

τ0 and τ1 thermal relaxation times in the Green-Lindsay thermoelastic model, 

representing finite speed heat propagation effects, l and τ are the non-local characteristic 

length parameters that accounts for small-scale (long-range) interactions in the 

nonlocalelasticity theory, e𝑘𝑙 is a strain tensor components, 𝛽* is HTT parameter, 

𝑘𝑖 is wave numbers corresponding to different wave modes, 𝜔 is an angular frequency of 

the propagating wave, Y=3(nαw+(α-n)αs), αp=n(Cw-Cs)αCs, Z=
(1-n)ρs Cs

+nρw Cw

T0
, 𝑍1 , 𝑍2 , 𝑍3 , 𝑍4  

are impedance parameters at the boundary. 

The constitutive relation following Jabbari and Dehbani [6] is taken as: 

𝑡𝑘𝑙 = (𝜆𝑒𝑘𝑘 − 𝛽𝑇 − 𝛼𝑃)𝛿𝑘𝑙 + 2𝜇𝑒𝑘𝑙 ,           (5) 

where 𝑒𝑘𝑙 =
1

2
(𝑢𝑘,𝑙 + 𝑢𝑙,𝑘), k,l = 1,2,3. 

In Eq. (1), 𝛿2𝑚 denotes the Kronecker delta function, defined as 𝛿2𝑚=1 when m=2 

and 𝛿2𝑚=0 otherwise. The parameter m is introduced to distinguish between different 

generalized thermoelastic models within a unified mathematical formulation. 

Specifically, m = 1 corresponds to the Lord-Shulman (LS) thermoelastic model, which 

involves a single thermal relaxation time, whereas m = 2 corresponds to the Green-

Lindsay (GL) thermoelastic model, which incorporates two thermal relaxation times.  

The parameter N represents the number of relaxation-related terms included in the 

generalized formulation. The presence of the factor 𝛿2𝑚 ensures that the additional 

relaxation contribution appears only for the GL model and vanishes in the LS model. This 

formulation allows both thermoelastic theories to be expressed within a single set of 

governing equations.  

 

Geometry of the problem 

A homogeneous, isotropic, porous thermoelastic half-space incorporating non-local and 

two-temperature effects is considered. A rectangular Cartesian coordinate system 0x1x2x3 

is chosen such that the wave front remains parallel to the x2 axis, with propagation 

occurring within the x1-x3 plane, and the x3 - axis oriented perpendicular to the surface of 

the medium. The complete geometry of the problem is explained with the help of Fig. 1. 

The components of displacement in two dimensions are: 

𝑢⃗ = (𝑢1, 0, 𝑢3).              (6) 
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Fig. 1. Geometrical structure of the problem 

 

The dimensionless expressions are defined as: 

(𝑥𝑖
′, 𝑢𝑖

′, 𝑙′, 𝜁∗′
) =

𝜔1

𝑐1
(𝑥𝑖 , 𝑢𝑖 , 𝑙, 𝜁

∗), (𝑃′, 𝑡𝑖𝑗
′ ) =

1

𝛽𝑇0
(𝑃, 𝑡𝑖𝑗),   

(𝑡′, 𝜏0
′ , 𝜏′) = 𝜔1(𝑡, 𝜏0, 𝜏), 𝛽

∗′ =
𝜔1

2

𝑐1
2 ,  (𝜑′, 𝑇′) =

1

𝑇0
(𝜑, 𝑇), 𝜔1 =

𝑍𝑇0𝑐1
2

𝐾
, 𝑐1

2 =
𝜆+2𝜇

𝜌
 , 

(𝑍1
′ , 𝑍2

′ ) =
𝑐1

𝛽𝑇0
(𝑍1, 𝑍2), 𝑍3

′ =
𝑐1

𝐾
𝑍3, 𝑍4

′ =
𝑐1

𝐾𝑜 𝑍4.  

(7) 

Using Helmholtz representation, displacement components 𝑢1(𝑥1, 𝑥3, 𝑡) and 

𝑢3(𝑥1, 𝑥3, 𝑡) in terms of the scalar potential functions 𝛷(𝑥1, 𝑥3, 𝑡) and 𝜓(𝑥1, 𝑥3, 𝑡) are given by: 

𝑢1 =
∂Φ

∂𝑥1
−

∂𝜓

∂𝑥3
, 𝑢3 =

∂Φ

∂𝑥3
+

∂𝜓

∂𝑥1
.  (8) 

Using Eqs. (6)–(8) in Eqs. (1)–(4) and after restraining primes we obtain: 

(∇2 − (1 − 𝑙2∇2 + 𝜏2 ∂2

∂𝑡2)
∂2

∂𝑡2)Φ − 𝑎1𝑃 − 𝑎2 (1 + ∑ 𝜏1
𝑛 ∂𝑛

∂𝑡𝑛
𝑁
𝑛=1 )𝑇 = 0, (9) 

∇2Φ̇ − 𝑎3∇
2𝑃 + 𝑎4𝑃̇ + 𝑎5𝑇̇ = 0, (10) 

∇2𝜑 =  𝑏1 (1 + ∑ 𝜏0
𝑛 ∂𝑛

∂𝑡𝑛
𝑁
𝑛=1 ) 𝑇̇ − 𝑏2 (1 + ∑ 𝜏0

𝑛 ∂𝑛

∂𝑡𝑛
𝑁
𝑛=1 ) 𝑃̇ + 𝑏3∇

2Φ̇, (11) 

𝛿1
2∇2𝜓 = (1 − 𝑙2∇2 + 𝜏2 ∂2

∂𝑡2)
∂2𝜓

∂𝑡2 ,  (12) 

𝑇̈ = (φ̈ − 𝛽∗∇2φ), (13) 

where 𝑎1 =
𝛼𝛽𝑇0

𝜆+2𝜇
, 𝑎2 =

𝛽𝑇0

𝜆+2𝜇
, 𝑎3 =

𝛽𝜔1𝑇0𝐾
𝑜

𝛼𝑐1
2𝛾𝑤

, 𝑎4 =
𝛼𝑝𝛽𝑇0

𝛼
, 𝑎5 =

𝑌𝑇0

𝛼
, 𝑏1 =

𝑐1
2𝑍𝑇0

𝜔1𝐾
, 𝑏2 =

𝛽𝑐1
2𝑌𝑇0

𝜔1𝐾
,  

𝑏3 =
𝛽𝑐1

2

𝜔1𝐾
, 𝛿1

2 =
𝜇

𝜆+2𝜇
 . 

 

Wave propagation analysis 

Let us consider a plane wave propagating within a thermoelastic porous solid half-space 

bounded at 𝑥3 = 0. For each incident wave, multiple reflected components are generated, 

including a longitudinal wave (P-wave), a thermal wave (T-wave), a porous wave  

(Ps-wave), and a shear vertical wave (SV-wave), as illustrated in Fig. 1.  

For a harmonic plane wave propagation, when the wave normal vector lies in x1-x3 

plane making an angle θ0 with the positive x3 -axis normal to the surface, the solution of 

Eqs. (9)–(13) is taken as: 

𝜃0 

𝑥1 

𝑥3 ≥ 0 P 
T 

Ps 

SV 

O 

𝜃2 

 𝜃3 

  
𝜃4 

  

𝜃1 

  

Poro-thermoelastic 

half-space 
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(𝛷, 𝜑, 𝑃, 𝜓) as (𝛷̅, 𝜑̅, 𝑃̅, 𝜓̅)𝑒𝑖{𝜉(𝑥1𝑠𝑖𝑛𝜃−𝑥3𝑐𝑜𝑠𝜃)−𝜔𝑡}, (14) 

where θ is the angle of incidence and ξ is the wave number  

Upon using Eq. (14) in Eqs. (9)–(11), and with aid of Eq. (13), we obtain: 
(𝜏11 + 𝜏12𝑣

2)Φ + (𝜏13𝑣
2 + 𝜏14)𝜑 + 𝜏15𝑣

2𝑃 = 0, (15) 
Φ + (𝜏21𝑣

2 + 𝜏22)𝜑 + (𝜏24𝑣
2 + 𝜏23)𝑃 = 0, (16) 

𝜏31Φ + (𝜏32𝑣
2 + 𝜏33)𝜑 + 𝜏34𝑣

2𝑃 = 0. (17) 

The characteristic equation obtained for consistent solution of system of equations 

(15)–(17) is given by: 
𝐸1𝑣

6 + 𝐸2𝑣
4 + 𝐸3𝑣

2 + 𝐸4 = 0. (18) 

Equation (12) with aid of Eq. (14) gives: 

𝑣2 =
𝛿1

2−𝑙2𝜔2

1−𝜏2𝜔2 , (19) 

where 𝜏11 = −1 + 𝑙2𝜔2, 𝜏12 = 1 − 𝜏2𝜔2, 𝜏13 =
−𝑎2(1+∑ 𝜏1

𝑛𝑁
𝑛=1 (−𝑖𝜔)𝑛)

𝜔2 , 𝜏14 = (1 − 𝑖𝜔𝜏1)𝜍
∗𝑎2,  

𝜏15 =
−𝑎1

𝜔2 , 𝜏21 =
−𝑎5

𝜔2 , 𝜏22 = 𝑎5𝜍
∗, 𝜏23 =

𝑎3

𝑖𝜔
, 𝜏24 =

−𝑎4

𝜔2 , 𝜏31 = 𝜔2𝑏3𝑖𝜔, 𝜏32 = −𝑖𝜔𝑏1(1 − 𝜏0𝑖𝜔),   

𝜏33 = (−𝜏32𝜍
∗ + 1)𝜔2, 𝜏34 =  𝑏2𝑖𝜔(1 + ∑ 𝜏0

𝑛𝑁
𝑛=1 (−𝑖𝜔)𝑛), 𝑠11 = 𝜏21𝜏34 − 𝜏32𝜏24,   

𝑠12 = 𝜏22𝜏34 − 𝜏32𝜏23 − 𝜏33𝜏24, 𝑠13 = −𝜏33𝜏23,  𝑠21 = 𝜏34 − 𝜏31𝜏24, 𝑠22 = −𝜏31𝜏23,  
 𝑠31 = 𝜏32 − 𝜏31𝜏21, 𝑠32 = 𝜏33 − 𝜏22𝜏31, 𝐸1 = 𝜏12𝑠11,  𝐸2 = 𝜏11𝑠11 + 𝜏12𝑠12 − 𝜏13𝑠21 + 𝜏15𝑠31, 

𝐸3 = 𝜏11𝑠12 + 𝜏12𝑠13 − 𝜏13𝑠22 − 𝜏14𝑠21 + 𝜏15𝑠32, 𝐸4 = 𝜏11𝑠13 − 𝜏14𝑠22,   𝑎1 =
𝛼𝛽𝑇0

𝜆+2𝜇
, 𝑎2 =

𝛽𝑇0

𝜆+2𝜇
,  

 𝑎3 =
𝛽𝜔1𝑇0𝐾

𝑜

𝛼𝑐1
2𝛾𝑤

, 𝑎4 =
𝛼𝑝𝛽𝑇0

𝛼
, 𝑎5 =

𝑌𝑇0

𝛼
, 𝑏1 =

𝑐1
2𝑍𝑇0

𝜔1𝐾
, 𝑏2 =

𝛽𝑐1
2𝑌𝑇0

𝜔1𝐾
,  𝑏3 =

𝛽𝑐1
2

𝜔1𝐾
, 𝛿1

2 =
𝜇

𝜆+2𝜇
 , 

where ς∗ = {

𝛽∗

ω2 for hyperbolic two − temperature (HTT),

𝑎2 for two − temperature (TT),

0 for one temperature (1T).

 

Making use of Eqs. (6)–(8) in Eq. (5) and with aid of Eq. (13) we obtain: 

𝑡33 = ℎ1 (
∂2𝛷

∂𝑥1
2 +

∂2𝛷

∂𝑥3
2) + ℎ2 (

∂2𝛷

∂𝑥3
2 +

∂2𝜓

∂𝑥3 ∂𝑥1
) − 𝛼𝑃 − (1 + ς∗∇2)𝜑, (20) 

𝑡31 =
ℎ2

2
(2

∂2𝛷

∂𝑥3 ∂𝑥1
+

∂2𝜓

∂𝑥1
2 −

∂2𝜓

∂𝑥3
2), (21) 

where ℎ1 =
𝜆

𝛽𝑇0
, ℎ2 =

2𝜇

𝛽𝑇0
. 

 

Restrictions on boundary 

The impedance boundary conditions at 𝑥3 = 0 are taken as [46,47]: 
(i) 𝑡33 + 𝜔𝑧1𝑢3 = 0, 

(ii) 𝑡31 + 𝜔𝑧2𝑢1 = 0,   

(iii) 𝐾
∂𝜑

∂𝑥3
+ 𝜔𝑧3𝜑 = 0, 

(iv) 𝐾𝑜 ∂𝑃

∂𝑥3
+ 𝜔𝑧4𝑃 = 0, 

(22) 

where z1 are z2 are the impedance parameters having dimension 
𝑁𝑠

𝑚3
, z3 and z4 are also 

impedance factors having dimensions  
𝑁

𝑚𝐾
 and 

𝑁

𝑚3𝑠
, respectively. The values of 𝛷,𝜑, 𝑃, and 

ψ are given by: 
𝛷 = ∑𝐴0𝑖𝑒

𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃0−𝑥3𝑐𝑜𝑠𝜃0)−𝜔𝑡} + 𝐴𝑖𝑒
𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃𝑖+𝑥3𝑐𝑜𝑠𝜃𝑖)−𝜔𝑡}, (23) 

𝜑 = ∑𝛽𝑖(𝐴0𝑖𝑒
𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃0−𝑥3𝑐𝑜𝑠𝜃0)−𝜔𝑡} + 𝐴𝑖𝑒

𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃𝑖+𝑥3𝑐𝑜𝑠𝜃𝑖)−𝜔𝑡}, (24) 
𝑃 = ∑𝛼𝑖(𝐴0𝑖𝑒

𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃0−𝑥3𝑐𝑜𝑠𝜃0)−𝜔𝑡} + 𝐴𝑖𝑒
𝑖{𝜉𝑖(𝑥1𝑠𝑖𝑛𝜃𝑖+𝑥3𝑐𝑜𝑠𝜃𝑖)−𝜔𝑡}, (25) 

𝜓 = 𝐵04𝑒
𝑖{𝜉4(𝑥1𝑠𝑖𝑛𝜃0−𝑥3𝑐𝑜𝑠𝜃0)−𝜔𝑡} + 𝐵4𝑒

𝑖{𝜉4(𝑥1𝑠𝑖𝑛𝜃4+𝑥3𝑐𝑜𝑠𝜃4)−𝜔𝑡}, (26) 
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where 𝛼𝑖 =
(𝜏11+𝜏12𝑉

2)(𝜏22+𝜏21𝑉
2)−(𝜏13𝑉

2+𝜏14)

(𝜏13𝑉
2+𝜏14)(𝜏23+𝜏24𝑉

2)−𝜏15𝑉
2(𝜏22+𝜏21𝑉

2)
, 𝛽𝑖 =

𝜏15𝑉
2−(𝜏11+𝜏12𝑉

2)(𝜏23+𝜏24𝑉
2)

(𝜏13𝑉
2+𝜏14)(𝜏23+𝜏24𝑉

2)−𝜏15𝑉
2(𝜏22+𝜏21𝑉

2)
,  

(𝑖 = 1,2,3). 

The quantities 𝐴0𝑖(𝑖 = 1,2,3) and B04 represent the amplitudes of the incident part 

of P-wave, T-wave Ps-wave and SV-wave respectively. Similarly, 𝐴𝑖(𝑖 = 1,2,3) and B4 

denote the amplitudes of the corresponding reflected P-wave, T-wave, Ps-wave, and  

SV-wave. According to Snell’s law, the relationship between the incident and reflected 

angles is expressed as 
𝑠𝑖𝑛𝜃0

𝑣0
=

𝑠𝑖𝑛𝜃𝑖

𝑣𝑖
 for 𝑖 = 1,2,3,4. 

Furthermore, the wave parameters satisfy the condition: 𝜉1𝑣1 = 𝜉2𝑣2 = 𝜉3𝑣3 = 𝜉4𝑣4 = 𝜔, 

where ω is the angular frequency. Using Eqs. (8), (23)–(26) in Eq. (22) the following 

expressions representing the relation between amplitude coefficients are obtained: 
∑𝑎𝑝𝑗𝑍𝑗 = 𝑔𝑝, (p,j = 1,2,3,4),  (27) 

where 𝑎1𝑖 = −(h1 + h2 (1 − (
𝑣𝑖

𝑣1
)
2
𝑠𝑖𝑛2𝜃0) − 𝛽∗𝛽𝑖 +

𝛼𝛼𝑖+𝛽𝑖

𝜉𝑖
2 ) (

𝑣1

𝑣𝑖
)
2
+ 𝑖𝑧1

𝑣1
2

𝑣𝑖

√1 − (
𝑣𝑖

𝑣1
)
2
𝑠𝑖𝑛2𝜃0, 

𝑎14 = −ℎ2
𝑣1

𝑣4
𝑠𝑖𝑛𝜃0√1 − (

𝑣4

𝑣1
)
2
𝑠𝑖𝑛2𝜃0 + 𝑖𝑧1𝑣1𝑠𝑖𝑛𝜃0,  

𝑔1 = ℎ1 + ℎ2𝑐𝑜𝑠
2𝜃0 +

𝛼𝛼1+𝛽1

𝜉1
2 + 𝛽∗𝛽1 + 𝑖𝑧1𝑣1𝑐𝑜𝑠𝜃0,  

𝑎2𝑖 = −ℎ2
𝑣1

𝑣𝑖
𝑠𝑖𝑛𝜃0√1 − (

𝑣𝑖

𝑣1
)
2
𝑠𝑖𝑛2𝜃0 + 𝑖𝑧2𝑣1𝑠𝑖𝑛𝜃0, 

𝑎24 =
ℎ2

2
(
𝑣1

𝑣4
)
2
(1 − 2𝑠𝑖𝑛2𝜃0 (

𝑣4

𝑣1
)
2
) − 𝑖𝑧2

𝑣1
2

𝑣4

√1 − (
𝑣4

𝑣1
)
2
𝑠𝑖𝑛2𝜃0, 

𝑔2 = −ℎ2𝑠𝑖𝑛𝜃0𝑐𝑜𝑠𝜃0 − 𝑖𝑧2𝑣1𝑠𝑖𝑛𝜃0, 

𝑎3𝑖 = 𝑖
𝛽𝑖

𝜉𝑖
(
𝑣1

𝑣𝑖
)
2
√1 − (

𝑣𝑖

𝑣1
)
2
𝑠𝑖𝑛2𝜃0 + 𝑧3

𝛽𝑖

𝜉𝑖

𝑣1
2

𝑣𝑖
, 𝑎34 = 0, 𝑔3 = 𝑖

𝛽1

𝜉1
𝑐𝑜𝑠𝜃0 −

𝑣1

𝜉1
𝑧3𝛽1, 

𝑎4𝑖 = 𝑖
𝛼𝑖

𝜉𝑖
(
𝑣1

𝑣𝑖
)
2
√1 − (

𝑣𝑖

𝑣1
)
2
𝑠𝑖𝑛2𝜃0 + 𝑧4

𝛼𝑖

𝜉𝑖

𝑣1
2

𝑣𝑖
, 𝑎44 = 0, 𝑔4 = 𝑖

𝛼1

𝜉1
𝑐𝑜𝑠𝜃0 − 𝑧4

𝛼1

𝜉1
𝑣1. 

Here, 𝑍𝑖 =
𝐴𝑖

𝐴01
 (i = 1,2,3) and 𝑍4 =

𝐵4

𝐴01
  reflection coefficients of P-wave, T-wave, Ps-wave 

and SV-wave respectively corresponding of incidence of P wave.  Similarly, reflection 

coefficients due to the incidence of T-wave, Ps-wave, and SV- wave can be calculated. 

 

Energy ratios  

Following [48], the partition of energy is taken as: 

𝑃𝑒 =
1

2
ℜ(𝑡33𝑢̅3̇) +

1

2
ℜ(𝑡31𝑢̅1̇). (28) 

With the help of Eq. (27) the reflected wave energy at 𝑥3 = 0 is represented by: 

|𝐸𝑖| = −(
𝐴𝑖

𝐴01
)
2 𝜉1𝜔𝑐𝑜𝑠𝜃1[−𝜉1

2(
𝜆+2𝜇

𝛽𝑇0
−𝛽∗𝛽𝑖)+𝛽1+𝛼𝛼1]

𝜉1𝜔𝑐𝑜𝑠𝜃0[−𝜉1
2(

𝜆+2𝜇

𝛽𝑇0
−𝛽∗𝛽𝑖)+𝛽1+𝛼𝛼1]

, (29) 

|𝐸4| = −(
𝐵4

𝐴01
)
2 (

h2
2

)𝜉4
3𝜔𝑐𝑜𝑠𝜃4

(
h2
2

)𝜉4
3𝜔𝑐𝑜𝑠𝜃0

.  (30) 

 

Particular cases 

1. By taking m = 2 and N = 3 in Eqs. (1) and (3), we obtain the results for the refined Green 

and Lindsay model (RGL).   

2. For m = 2 and N = 1, in basic equations (1) and (3) results correspond to the simple 

Green and Lindsay model (SGL). 
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3. Taking ς*=𝑎2 yield the results for porous thermoelasticity with two-temperature and 

non-locality. 

 

Numerical Results 

In Figs. 2–9, the horizontal axis represents the angle of incidence 𝜃 (in degrees), while 

the vertical axis shows the dimensionless energy ratios of the reflected waves.  

The legends distinguish the thermoelastic models considered, namely hyperbolic two 

temperature (HTT), two-temperature (TT) and one temperature (1T). These figures 

illustrate the variation of reflected wave energy with the angle of incidence under 

different thermoelastic conditions. To compute the theoretical results the values of 

various physical quantities are taken following Jabbari and Dehbani [6] (Table 1). 

 
Table 1. Numerical data for computation 

Symbol Value Unit Symbol Value Unit 

λ 12.50 N/m2 αs 0.0051 1/K 

μ 8.33 N/m2 αw 0.089 1/K 

T0 293.00 K cs 2.90 m2/N 

ρ 8.954 Ns2/m4 cw 2.099 m2/N 

Ko 1.70 m4/N ρs 2.60 Ns2/m4 

γw 0.001 s ρw 1.00 Ns2/m4 

K 1.50 N/sK E 1.00 N/m2 K2 

n = 0.3, 𝜏1 = 0.1, 𝜏 = 0.003, 𝑙 = 0.002. 

 

Solution of Eqs. (29) and (30) using the given numbers and impedance parameters  

z1 = 10, z2 = 20, z3 = 30, z4 = 40 we acquire the energy ratios for the reflected P-wave,  

T-wave, Ps-wave, and SV-wave. These are shown in Figs. 2–5.  

 

Impact of ς*on energy ratios   

Figures 2–5 demonstrate the impact of ς* on energy ratios for ς* = 0.06 (hyperbolic two 

temperature (HTT)), ς* = 0.002 (two temperatures (TT)) and ς* = 0 (one temperature (1T)). 

 

P-wave 

Figure 2 exhibits the impact of ς* on energy ratios due to incidence of P-wave. Figure 2(a) 

reveals that in case of HTT and 1T the values of |E1| are close to each other with little 

variation in their magnitudes, whereas TT values decrease with angle of incidence and 

attains least values in the range θ ≥ 33°. The values of |E2| increase with angle of 

incidence. It has highest value in case of 1T and lowest values for TT model. Figure 2(c) 

shows that TT and 1T follow the same trend for variation of values of |E3|. It initially  

decreases with angle of incidence and then starts increasing. On contrary to that in case of 

HTT values decrease with angle of incidence and overcome the outcomes of remaining 

models. |E4| increase with higher values of ς* and angle of incidence as represented in 

Fig. 2(d), whereas |Eint| decrease with angle of incidence and has least values in case of 1T. 
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Fig. 2. Energy ratios of reflected wave w.r.t. angle of incidence   

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident P-wave at ς*=0, 0.002, 0.06 

 

  

(a) (b) 

(e) 

(c) (d) 
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Fig. 3. Energy ratios of reflected wave w.r.t. angle of incidence 

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident T-wave at ς*=0, 0.002, 0.06 

 

 

(a) (b) 

(c) (d) 

(e) 
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Fig. 4. Energy ratios of reflected wave w.r.t. angle of incidence  

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident Ps-wave at ς*=0, 0.002, 0.06 
  

(c) (d) 

(a) (b) 

(e) 
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Fig. 5. Energy ratios of reflected wave w.r.t. angle of incidence  

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident SV-wave at ς*=0, 0.002, 0.06 

 

T-wave 

Figure 3 reveals the variation in energy ratios for distinct values of ς* when T-wave is 

incident. Figure 3(a) shows that |E1| increase with angle of incidence as well as for higher 
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values of ς*. On contrary to that |E2| decrease with angle of incidence and its values are 

reduced for higher values of ς*. The values of |E3| and |E4| increase with angle of incidence 

but it follows adverse relation for higher values of ς*. The values of |Eint| decrease for 

higher values of θ in case of HTT and 1T model, whereas for TT model it increases with 

angle of incidence and dominates the region.  

 

Ps-wave 

When Ps-wave is incident the energy ratios for distinct values of ς* are depicted with aid 

of Fig. 4. Figure 4(a) reveals that |E1|decrease with angle of incidence for HTT and 1T 

models whereas for TT model it oscillates with higher values of θ dominates the entire 

range. The values of |E2| decrease for distinct considered cases. As observed in Fig. 3, 

here also TT values dominate the outcomes of other cases. The magnitude values of |E3| 

is of oscillatory nature in case of 1T and HTT models, whereas TT values increase with 

angle of incidence. It is also observed that magnitude values remain near to one for 

distinct models considered and angle of incidence. |E4| decrease for higher values of θ.  

The values attained for HTT and TT models are close to each other. Initially values of 1T 

are highest, but greater values of θ it has lowest values in the range. Figure 4(e) shows 

that |Eint| has approximately same values for HTT and 1T cases, but for TT model its 

values are least and oscillatory in nature.  

 

SV-wave 

The behavior of energy ratios at distinct values of ς* due to incidence of SV waves is 

demonstrated with help of Fig. 5. Energy ratios |E1| and |E2| are of oscillatory behavior as 

observed through Fig. 5(a,b). It initially increases with angle of incidence, attains highest 

value and then starts decreasing. It is also observed that TT values overcome the other 

cases and HTT values are least in the region. As observed in previous figures the values 

of |E3| is of oscillatory nature and the outcomes of 1T remain with the values acquired 

for HTT and TT models. |E4| has values approximately equal to one for the three cases 

considered. It is noticed that in case of HTT values are stationary whereas TT and 1T cases 

have oscillatory values in the region. On contrary to the trend of previous figures 

observations here TT values are least in the region.|Eint| increases for initial values of θ, 

acquires highest value and then decreases. The values obtained for 1T model are least in 

the entire region. 

 

Analysis of RGL and SGL model 

An analysis based on the values of energy ratios acquired due to incidence of distinct 

waves for RGL and SGL models is represented with the help of Fig. 6–9.  

 

P-wave 

Figure 6(a) shows that P-wave is incident values of |E1| for RGL are higher than SGL model 

throughout the range. It is further noticed that RGL values are decreasing with angle of 

incidence, in contrast to that SGL values are increasing and remain close to one in entire  
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Fig. 6. Energy ratios of reflected wave w.r.t. angle of incidence  

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident P-wave for the RGL and SGL models 

 

range. |E2| is of increasing nature for both RGL and SGL models. As observed in Fig. 5, RGL 

values dominate the SGL model. Figure 6(c) depicts that trend of |E3| is of decreasing type 

and in this case SGL values are greater than RGL values at each angle of incidence.  

(a) (b) 

(c) (d) 

(e) 
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The values of |E4|increase with higher pace in case of RGL as observed with aid of Fig. 6(d). 

Figure 6(e) represents that |Eint| varies in opposite manner in case of RGL and SGL models. 

RGL values keep decreasing whereas SGL values are increasing with angle of incidence. 

 

 
 

Fig. 7. Energy ratios of reflected wave w.r.t. angle of incidence  

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident T-wave for the RGL and SGL models  

(a) (b) 

(c) (d) 

(e) 
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Fig. 8. Energy ratios of reflected wave w.r.t. angle of incidence 

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident Ps-wave for the RGL and SGL models 

 

(a) (b) 

(c) (d) 

(e) 
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Fig. 9. Energy ratios of reflected wave w.r.t. angle of incidence 

((a) |E1|, (b) |E2|, (c) |E3|, (d) |E4|, (e) |Eint|) for incident SV-wave for the RGL and SGL models 

 

T-wave 

The fluctuation in values of energy ratios due to incidence of T-wave in RGL and SGL 

models are demonstrated with the help of Fig. 7. Through Fig. 7(a) it is noticed that |E1| 

(a) (b) 

(c) (d) 

(e) 
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increases with angle of incidence in both RGL and SGL cases. But values of RGL are higher 

than the SGL throughout the range. The values of |E2| decrease in RGL model whereas 

for SGL model it increases and remain less the RGL values in complete range. An 

increasing trend in values of |E3| is noticed with the help of Fig. 7(c). In this case SGL 

values overcome RGL values. Oscillation behavior of |E4| is observed in case of RGL and 

SGL model.  As observed in Fig. 6, here also SGL values are much higher than RGL values 

in entire range. A slight variation in magnitude values of |Eint| is noticed in case of SGL, 

whereas RGL values keep decreasing and are less the SGL values in whole range. 

 

Ps-wave 

The variation in values of energy ratios due to incidence of Ps-wave in RGL and SGL models 

are depicted in Fig. 8. Figure 8(a) shows that outcomes |E1| diminishes with angle of 

incidence for both the cases. The results of SGL are higher than RGL model in complete 

range.  The values of |E2| decrease with angle of incidence. As observed in Fig. 7, here also 

RGL values are lower than SGL values throughout the range. The values of |E3| keep 

fluctuating in whole range. In this case RGL dominates the outcomes of SGL model and 

remains near to one at each angle of incidence. |E4| has diminishing values with respect to 

angle of incidence in both the models considered. The values attained for RGL model are 

much less as compared to SGL model. |Eint|follows opposite trend for SGL and RGL models. 

In case of RGL model it initially decreases and then starts increasing, whereas for SGL 

model it initially increases with angle of incidence and then starts decreasing. 
 

SV-wave 

Figure 9 illustrates the variation in energy ratios when SV wave is incident. From Fig. 9(a), 

it is seen that values of |E1| are of oscillatory behavior in RGL and SGL models.  

It initially increases with angle of incidence obtains highest value at 𝜃 = 55° and then its 

value starts diminishing. It is also observed that in case of RGL model values remain less 

than SGL model throughout the range. Energy ratios |E2| is also of oscillatory nature and 

has highest value for SGL model as depicted in Fig. 9(b). On contrary to that the values of 
|E3| obtain greater values in case of RGL model. Figure 9(d) represents that values of |E4| 

are close to one at each angle of incidence for RGL and SGL model and outcomes of RGL 

overcome the SGL values in entire range. |Eint| has oscillatory nature in entire nature as 

depicted in Fig. 9(e), here also RGL has higher values than SGL model in complete range. 
 

Conclusion 

In the present work, the reflection of plane waves in a porous thermoelastic half-space 

incorporating hyperbolic two-temperature effects has been investigated within the 

framework of the refined Green-Lindsay thermoelastic model. The analysis confirms the 

existence of three longitudinal waves (P-, T-, and Ps-waves) and one transverse SV-wave 

propagating with different velocities ij of the porous thermoelastic medium. Reflection 

coefficients corresponding to the incidence of each wave were derived, and the associated 

energy ratios were evaluated for the hyperbolic two-temperature (HTT), two-temperature 

(TT), and one-temperature (1T) models. Furthermore, the behaviour of energy ratios was 

examined for both refined Green-Lindsay (RGL) and simple Green-Lindsay (SGL) formulations.  
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Quantitative behavior of energy ratios 

The numerical results demonstrate that the distribution of reflected wave energy strongly 

depends on the angle of incidence and the thermoelastic model considered in particular, 

the HTT formulation generally produces higher reflected energy ratios compared with the 

TT and classical 1T models for several incidence conditions, indicating the significant 

influence of hyperbolic thermal effects on wave reflection characteristics. The comparison 

between RGL and SGL models further shows that the RGL model yields more refined 

predictions due to the incorporation of additional thermal relaxation mechanisms. 

 

Physical interpretation 

From a physical standpoint, the hyperbolic two-temperature theory introduces finite 

thermal propagation speed and relaxation effects, which modify the coupling between 

thermal and elastic fields. Consequently, the HTT model improves the stability of 

thermoelastic wave propagation and alters the energy transmission behavior in porous 

thermoelastic media. Conservation of energy is satisfied for all angles of incidence, 

confirming the physical consistency of the obtained results. 

 

Future research directions 

The present analysis may provide useful insights into wave propagation phenomena in 

porous geotechnical materials such as soils and sedimentary rocks. Future work may 

extend the present formulation to more generalized models, including fraction order 

thermoelastic theories, anisotropic porous media, and rotating thermoelastic systems, to 

better capture wave interactions in complex geophysical and engineering environments. 

 

Physical and engineering implications 

The results obtained in the present study have important implications for wave 

propagation in porous geotechnical materials such as soil, sedimentary rocks, and fluid-

saturated porous structures. The presence of hyperbolic two-temperature effects modifies 

the energy transmission characteristics of thermoelastic waves by introducing finite 

thermal propagation speed and relaxation effects. These phenomena can significantly 

influence wave reflection behavior in subsurface environments, which is important in 

geophysical exploration, earthquake engineering, and soil dynamics.  

Furthermore, the interaction between pore pressure, thermal diffusion, and elastic 

deformation may affect energy dissipation and wave attenuation in porous materials, 

making the present model useful for studying thermoelastic effects in soil-structure 

interaction problems and subsurface energy transport. 

 

Validation with existing studies 

The qualitative behavior of the energy ratios obtained in this study is consistent with previously 

reported results on thermoelastic and poroelastic wave propagation in generalized 

thermoelastic media [38–41]. The observed variation of energy ratios with respect to the 

angle of incidence and thermal parameters agrees with earlier theoretical findings.  
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